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We give a proof of the Universality Conjecture for orthogonal (8 = 1) and symplectic
(B = 4) random matrix ensembles of Laguerre-type in the bulk of the spectrum as
well as at the hard and soft spectral edges. Our results are stated precisely in the
Introduction (Theorems 1.1, 1.4, 1.6 and Corollaries 1.2, 1.5, 1.7). They concern the
appropriately rescaled kernels K, g, correlation and cluster functions, gap probabilities
and the distributions of the largest and smallest eigenvalues. Corresponding results for
unitary (8 = 2) Laguerre-type ensembles have been proved by the fourth author in Ref.
23. The varying weight case at the hard spectral edge was analyzed in Ref. 13 for 8 = 2:
In this paper we do not consider varying weights.

Our proof follows closely the work of the first two authors who showed in Refs. 7, 8
analogous results for Hermite-type ensembles. As in Refs. 7, 8 we use the version of
the orthogonal polynomial method presented in Refs. 22, 25, to analyze the local eigen-
value statistics. The necessary asymptotic information on the Laguerre-type orthogonal
polynomials is taken from Ref. 23.
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1. INTRODUCTION

In this paper we consider ensembles of matrices { M} with invariant distribu-
tions of Laguerre type

det(W, (M))e™" 2 d ., (1.1)

dP, g(M) =P, g(M)dM = !
248
for B = 1, 2 and 4, the so-called Orthogonal, Unitary and Symplectic ensembles,
respectively (see Ref. 14). For § = 1, 2, 4, the ensemble consists of n x n real
symmetric matrices, n X n Hermitian matrices, and 2n x 2rn Hermitian self-dual
matrices (see Ref. 14), respectively. The above terminology for 8 = 1, 2 and 4
reflects the fact that (1.1) is invariant under conjugation of M, M +— UMU™!,
by orthogonal, unitary and unitary-symplectic matrices U. Furthermore, in (1.1),
dM denotes Lebesgue measure on the algebraically independent entries of M,
W,(x) = x"1g (x) with y > 0, O denotes any polynomial of positive degree and
with positive leading coefficient, and Z, g is a normalization constant. Of course,
Pn.p and Z, g depend not only on # and 8 which are implicit in (1.1) but also on
the quantities y and Q. For the sake of readability the dependence on y and Q is
suppressed in all of our notation.
For ensembles (1.1) the joint probability density function for the eigenvalues
X1, X2, ..., X, of M is given by (see Ref. 14)

1 n
[T R —xl? Jwstx) onRL  (12)

mB oy <j<k<n j=1

Pn oo s An) =
B Xn) Z

where again Z, g denotes the corresponding normalization constant and

xye—Q(X)’ B=12

1.3
(xVe_Q(x))z, =4 (13

wp(x) = {

The second power appearing in wg—4 simply reflects the fact that the eigenvalues
of self-dual Hermitian matrices come in pairs.

Our main results stated below show that the appropriately rescaled local
eigenvalue statistics for ensembles (1.1) are universal (i.e. independent of Q) in the
limit » — oo, where for § = | only matrices of even dimension are considered.’
Consequently, the limiting local eigenvalue statistics agree for all ensembles (1.1)
with the corresponding limiting statistics in the well studied classical cases of
linear Q (see e.g. Refs. 10, 11, 16, 17, 21 and references therein). Ensembles
(1.1) with linear Q are called Laguerre ensembles because wg in (1.3) is then a

3 For matrices of odd dimension in the case 8 = 1, see the discussion following Eq. (1.13) in Ref. 7.
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Laguerre weight. More generally, all matrix ensembles with eigenvalue probability
density function of the form (1.2), (1.3) and with linear Q are called Laguerre
ensembles irrespective of whether they arise from matrix ensembles of the form
(1.1). In fact, Laguerre ensembles appeared first in statistics and in physics and
these were not of type (1.1). In statistics, for example, Wishart ensembles {M}
with M = X' X and X being a random N x n (N > n) rectangular matrix with
real entries that are independently distributed standard Gaussian variables, have
an eigenvalue probability density function of the form (1.2), (1.3) with g =1,
y=(N—-—n—1)/2 and Q(x) = x/2 (see e.g. Ref. 15). In physics, Laguerre
ensembles emerge e.g. in the study of Dirac operators in quantum chromodynamics
and in the study of disordered superconductors in mesoscopic physics, see e.g.
Refs. 4, 24. Here we encounter not only Wishart ensembles but also random
matrices with a2 x 2 block structure which lead again to an eigenvalue probability
density function of the form (1.2), (1.3). For example, random Dirac operators in
the chiral gauge are modelled by ( )(()r g ) where X is a rectangular N x n random
matrix. Choosing again the entries of X to be independently distributed real
standard Gaussian variables one obtains a density function for (the squares of) the
eigenvalues which is of the form (1.2), (1.3)withg =1,y = (N —n — 1)/2 and
Ox)=x/2.

In Refs. 7, 8 the authors proved universality in the bulk(” and at the spectral
edge® for Hermite-type ensembles, i.. for ensembles (1.1) with I, (x) = 1 forall
x € R and with Q(x) denoting any polynomial of even positive degree and with
positive leading coefficient. To the best of our knowledge, universality results
for Laguerre-type ensembles have so far only been proved for unitary (8 = 2)
ensembles in Ref. 13 (varying weights) and in Ref. 23 where the author showed
universality for unitary ensembles of the form (1.1). All the results regarding
B = 2 stated in the present paper can be found already in Ref. 23 and we only
include them here for the sake of completeness. Moreover, a number of formulae
and estimates proved in Ref. 23 play a key role in our proof of universality for
B =1, 4. Universality for Laguerre-type ensembles, for all three cases § =1,
2 and 4, has been considered in the physics literature (see e.g. Refs. 3, 18 and
references therein). More information on the history of universality for matrix
ensembles can be found the introductions of Refs. 7, 8 and in Ref. 6.

The basic structure of the proof in this paper is similar to Refs. 7, 8 and relies
on the orthogonal polynomial method developed in Refs. 22 and 25. A detailed
description of the strategy of proof can be found in the Introductions of Refs. 7
and 8. We now introduce some further notation that is needed to state our main
results.

Following, ®® (Ref. 7, Remark 1.3) we define weights of the form

w(x) = xaer(x), forx e Ry, (1.4)
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with
o= {y’ p=2 ; V::{Q’ p=2 (1.5)
2y, B=1,4 20, B=1,4

(v, Q asin (1.1)) in order to be able to use the same set of orthogonal polynomials
in all three cases 8 = 1, 2, 4. By the assumptions made on y and O we will assume
that

>0 and V(x)=) g;x/ (1.6)
j=0

where the polynomial V', known as the external field, has positive degree m and
positive leading coefficient g,,. The orthogonal polynomials p; with respect to the
weight w are uniquely defined by the conditions

[e ]
/ ) pr(w(x)dx =8, fork,l € N,
0

and pi(x) = yxx* + - - - is a polynomial of degree k with positive leading coeffi-
cient y; > 0. The functions

Pr(x) == pr(x)v'w(x) (1.7)

then form an orthonormal system in L,(R). The statement of our main results
involves several quantities that arise in the asymptotic analysis of the orthogonal
polynomials py, viz., the Mhaskar—Rakhmanov—Saff numbers §,, the densities
w, of the equilibrium measures in the presence of the rescaled external field
V,(x) = %V(,B,,x), and numbers ¢, ¢, related to the behavior of the equilibrium
measure at the soft, hard edges respectively. The definition and relevant properties
of all these quantities are summarized in Egs. (4.3)—(4.12) of Sec. 4.1 below where
one can also find references to Ref. 23 for their respective derivations.

As mentioned above our proof relies on the orthogonal polynomial method
for invariant matrix ensembles. This method is based on the observation that
the eigenvalue statistics (e.g. correlation and cluster functions, gap probabilities,
distributions of smallest and largest eigenvalues) can be analyzed using functions
K, g of two variables which can be expressed in terms of the orthogonal polynomi-
als py (see Ref. 22). More precisely, let & denote the integral operator with kernel
e(x,y) = %sgn(x — y) where sgn = 1g, — Ig_ is the standard sign-function. We
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then define
n—1
Kuo(x,y):=K,(x,y):= Zd)k(x)(bk(y) (Christoffel-Darboux kernel)
k=0
(1.8)
Su1(x, y) — 2 Su1(x. )
Kyi(x,y) = X y o o s,
1oy ((ssn,l)(x,y) —lsgx =y Su0n0) ormeven
(1.9)
_ 1 Sn,4(x’ y) _% n,4(x7y)
Knabeo =5 <(eSn,4><x,y> Seavx) ) (1-19)

Here S, g (B = 1, 4) are certain specific scalar functions which will be discussed
in detail in Sec. 2. The analysis in the present paper depends critically on the
formulae of Widom (Ref. 25, Theorem 2) that express the functions S, g in terms
of the orthogonal polynomials py.

We will prove the convergence of K, g for n — oo to a universal limit
that is independent of V. In proving the convergence one needs to rescale the
arguments x and y appropriately. Since the (1,2)-entry of K, g for g =1, 4
contains differentiation with respect to y, and the (2,1)-entry of K, g contains
integration with respect to x, these two entries behave differently under rescaling.
In order to take this into account it is convenient to introduce the following notation
for g =1, 4

w _ (*" 0 A0 Kupn AT (Kupi
K = < 0 )‘> K <0 A7) T\ (Kup Kup) ) >0
(1.11)

We now are ready to state our main results. Since the statistical behavior is
different for eigenvalues in the bulk of the spectrum and at the spectral edges, we
need to distinguish these cases. Moreover, for Laguerre-type ensembles the lower
and upper spectral edges have a different character. The lower edge at the origin is
called a hard edge, because no eigenvalue can be less than zero by definition of the
ensemble. For the upper edge, on the other hand, there is no apriori upper bound
for the eigenvalues. The existence of the upper spectral edge is due to the fact that
the probability for an eigenvalue to be bigger than a certain n-dependent threshold
value is exponentially small: This threshold value is known as the soft edge of the
spectrum. Both the rescaling and the limit of K, g are different for the bulk, for
the soft edge and for the hard edge. In Refs. 7, 8 the authors proved universality
for Hermite-type ensembles in the bulk and at the soft edge, respectively. We state
the analogous results for Laguerre-type ensembles in Theorems 1.6, 1.4 below.
Note that another manifestation of universality is seen in the fact that the limits of
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the appropriately rescaled K, g are the same for Hermite-type and Laguerre-type
ensembles both in the bulk and at the soft edge.

We start by stating our results for the hard edge, a case which is not present
in Hermite-type ensembles.7-®

Notational remark. In Theorem 1.1 and also in other situations where we consider
the hard edge, we will use the notation that an estimate holds uniformly for &, n in
bounded subsets of (0, co). By this we mean that the estimate holds for &, 5 in any
set of the form (0, L), 0 < L < co. By uniformly we mean that the constant in the
O-term in (1.13) below, for example, depends only on L. This somewhat unusual
notation is necessitated by the actual form of the error estimates for the correlation
kernel near 0, see e.g. (1.13) and the proof of Corollary 1.2(b) in Sec. 6.1 below.

Notational comment. In order to treat the orthogonal and symplectic ensembles
simultaneously (see discussion following (1.5) above and also the discussion in
the paragraph preceding (2.8) below) we consider ensembles of matrices of size
n,n even’, for B = 1 and 4. In the light of definition (1.1), for 8 = 4, n should be
interpreted asn = 2 - 3.

Theorem 1.1. (hard edge) Let 8 = 1,2 or 4 and introduce the notation

() oL
n )

- ——X.
4¢,n? v2 4¢,n?

Then, as n — o0 (n even for the cases B = 1, 4) the following holds uniformly for
&, n in bounded subsets of (0, 00).

(1) Thecase B =2:

NIR
NI

LK (E™, 7) =KJ(S,77)+O<§ - ) (1.12)

Y

where K ; denotes the Bessel kernel,

Ja(WE) VIS — Ja(«/ﬁ)\/g‘]o/z(\/g).

(i) The case B = 4:

1 ) () aln E%n% —1 -1, —1
EKEE’A)(%( ), 76 ))=K(4)(§,n)+0< ><€1 ),

p n
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where

2(K(4))11(§’ ) = Z(K(4))22('7’ §)

=KJ($,n)+%( “*‘jgf)—z—“ﬂf))

N
« / Jus1(s) ds,
0

d 1 p 2
2(K),o(6 ) = — 5Kt — ( /B _ S aVE ))

VE
« Ja-&-l(\/ﬁ)
N

3 1 (V& 2
2(K®),, & m) :/0 Ky(s,n)ds + 5/0 (Jaﬂ(s)— TaJa(s)) ds

Nl
X / Jur1(s)ds.
0

(iii) The case B = 1: there exists 0 < T = t(m, a) < 1 such that

1 onrzon oo L (ES g3ps
SKIWED77) = KOE 0 + O )(g1 ik ),(1.14>

n

where
(K(l))u(g’ n = (K(l))zz(”’ §)

1 Ja+1(\/§) /OO

= K - 5 (Ja+1(s) - %Jam) ds,

ad 1sz (\/_) a+1(\/j 2a
KO) ) =-—K —5 ( e )

1 1 [v7
(KD),, & m = — /g Ky, mds + 5 /ﬁ Jui(s)ds

o0 20 1
X f <Ja+1(s)__Ja(S)) ds — =sgn(§ —n).
NI § 2

As in Refs. 7, 8 we now present two consequences of Theorem 1.1 which
demonstrate the relevance of the theorem for the understanding of the local eigen-
value statistics in the limit # — oco. Here we consider the distribution of the lowest
eigenvalue as well as the /-point correlation functions. The latter are obtained from
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the probability density function P, g essentially by integrating out the last n — /
variables,

n
Ry gi(x1,...x1) = <n l) f / Pug(X1, ..., xp)dxpq4r...dx,. (1.15)
- RH*

Corollary 1.2.  With the notation of Theorem 1.1 and (1.15) and A (M) denoting
the smallest eigenvalue of M we have forl € N, &, & € (0, 00) that the following
limits

. 1
(a) lim ﬁRn,ﬂJ(%, R i) JorB=1,2;

n—00 2 V%
.1 3 &
nli)nolo v—rzlan/zA,l(v—%, e v_,%>
(b) lim Pn,ﬁ({M: (M) < %}) for B=12;
n—00 V2
n—oo 2’ vrzl

exist (with n even for 8 = 1, 4) and are independent of Q (cf. (1.1)).

Existence and universality of the limits appearing in statement (a) of the
Corollary follow from the convergence of the cluster functions and the relation
between cluster and correlation functions (see Ref. 22, Sec. 2). The convergence
of the cluster functions is immediate from Theorem 1.1 together with the formulae
in (Ref. 22, Sec. 3) which express the cluster functions in terms of the kernels
K, g. For B =1, 4 one needs to observe in addition that the formulae do not
change if one replaces K, g by K,% The proof of existence and universality of
the limits in statement (b) of the corollary is slightly more involved and will be
presented at the end of Sec. 6.1.

Remark 1.3. It is also possible to give explicit formulae for the limits considered
in Corollary 1.2 in terms of the kernels K;, K" and K™ for 8 = 2, 1, 4 respec-
tively. These limits are easy to derive for the correlation functions (a), using the
determinantal formula for 8 = 2 and using the relation with cluster functions for
B=1,4

In contrast, the dependence of the limiting distribution of the smallest
eigenvalue (b) on the limiting kernels K;, K and K™ is given via Fredholm
determinants (cf. (6.29), (6.32), (6.33)) and therefore is far more complicated.
However, our universality result stated in Corollary 1.2 implies that it suffices
to understand the limiting distribution in the classical Laguerre case where the
polynomial Q in (1.1) has degree 1. Fortunately, this case has already been studied
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in the literature and it was found that the limiting distributions of the smallest
eigenvalue can be expressed in terms of certain Painlevé functions (see Ref. 21
for § =2 and Ref. 11 for 8 = 1, 4).

Next we state our main result for the upper spectral edge.

Theorem 1.4. (soft edge) (cf Ref 8, Theorem 1.1). Let B=1,2 or 4 and
introduce the notation

’3 —1/2 o x X
J— n n — — — [
Ay = <—cnn2/3> , X" =g+ 2o ﬂn<1 + cnn2/3)'

Fix a number L. Then, there exists ¢ = c(Lg) and 0 < v = t(m, o) < 1 such
that as n — o0 (n even for the cases = 1, 4) the following holds uniformly for
&, ne[Ly, +00).

(i) Thecase B =2:
1
22

n

Ko (5™, n™) = Kai (&, m) + O~ Pe~e™e. (1.16)

where K a; denotes the Airy kernel,

AL (§)AI'(n) — Al (AI'E)

KAi(é:9 77)2 é_n

(i1) The case B = 4:

1

—c& ,—cn
() (£(n) . (n 4 e “e 1 1
,\_ngA(“E( ), )):K( )(5’")+0<—n1 )(1 ) (1.17)

n

where

1 [e ]
2(KW), (€ m) = 2(KW),,(n, €) = Kni (6, n) — SAI(€) / Ai(s)ds,
n

P 1
Z(K(4))12(E, n) = —5 A5, m) — zAi (§)Ai(n),

2(KD), & m) = - /:O Kails. m)ds + 3 /:OAi s [ aics)as,
S n

(ii1) The case B = 1:

Lo, _ e~ e Eecn
)\_ZK,(,J)(S(”)’ 77(")) = K(l)(év 77) + O(n 1:) (ecmin(é,n) e ’

n

(1.18)
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where

1 n
(KO) 6 = (KO)y006) = Kns o + 5A0(6) [ AiGo)ds,

0 1
(KD) L. n) = —%KAi & 1) = S AL E)AI (),

00 1 n 1 o0
(KD),,(E.n) = —/g Kai(s, n)ds — 5/5 Ai(s)ds—i—E/E Ai(s)ds

X [ooAi (s)ds — lsgn(& —n).
" 2

As above we now state the consequences of this result for the /-point corre-
lation functions and for the distribution of the largest eigenvalue.

Corollary 1.5.  With the notation of Theorem (1.4) and (1.5) and \.,,(M) denoting
the largest eigenvalue of M we have forl € N, €, & € R that the following limits

&1 &

. 1
(@ lim ﬁRn,ﬁ,(ﬁn g Bat ﬁ) for =12

.1 § §
lim ﬁRn/ZA,I(IBn + e Bt S )
n

n—oo E’ E
(b) nlgrolom,ﬂ({M: J(M) < By + f—z}) for =12
lim IP’;A({M: (M) < B + 3})

n— 00 )“2

exist (with n even for 8 = 1, 4) and are independent of Q (cf. (1.1)).

This Corollary can be shown to be true in exactly the same way as Corollaries
1.2 and 1.3 were proven in Ref. 8 and we will not repeat the arguments here.
Comparing the statements of Theorem 1.1 in Ref. 8 with Theorem 1.4 above
shows that the limits in Corollary 1.5 are exactly the same as the ones stated
in Corollaries 1.2 and 1.3 of Ref. 8. This implies in particular that the limits in
statement (b) are given by the celebrated Tracy—Widom distributions. (Observe
also that in Ref. 8 the results were stated for cluster functions rather than for
correlation functions.)

We finally turn to the spectral statistics in the bulk.
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Theorem 1.6. (bulk) (cf. Ref. 7, Theorem 1.1). Let B = 1,2 or4, x € (0, 1) and
define

’3 —-1/2 X 1 X
n = - . Gn2 =qn1 = n, = —¢2, 1.19
q <nwn(x)> Gn2 =qn1 =qn: Gua = 5 (1.19)

Then, for n — oo (n even for B = 1, 4) the following holds uniformly for &, n in
compact subsets of R and x in compact subsets of (0, 1).

(1) Thecase B =2:

1 1
TKn (.an + %7 Bux + %) =Ko —1n)+ @ (;) >

qn,z qn,Z qn,Z
(1.20)
where
Koo(l) = Sii’t”. (1.21)
(i) The cases B =1 and 4:
N (ﬁnx TR B %)
qn,l n,1 n,1
_ o2 o)
= Koo,l(%-v n)+ ( O(}’l_l) O(n_1/2)> s (1.22)
1 s § n
EK(;A) (,an + as ,an + a)
_ Oom~'%) O™
= KOO,4(E’ n) + ( O(n_l) O(n_1/2)> y (123)
where
Koo(%‘ - 77) ;_EKOO(%‘ - 77)
Koo s = — s
16 (foE "Koo(s)ds — 3sgn( =)  Koo(n — &)
(1.24)
[ KeE=m) 5z Keo(2(5 — 1)
Fosem = (f(f" Ka@5)ds K2 — £) ) S

Again we state the consequences of this theorem for the /-point correlation
functions and for gap probabilities.
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Corollary 1.7.  With the notation of Theorem 1.6 and (1.15) we have for | € N,
x €(0,1), & & € R that the following limits

1
(@) lim ——R, g, (,an + i—], cee s Bax + %) forp=1,2;
n—00 qn.ﬂ qn,ﬁ qn,ﬁ
.1 §1 &
lim _Rn/2,4,l(,8nx + =5 ... B+ —>
nmee ‘15,]4 ‘15,4 q,f’4
(b) lim P, 4 ({M no eigenvalue of M lies in (,an — %,
n—o00 qn,,B
Bnx + %)}) Jorp=1,2;
qn,ﬂ
lim P 4 <{M no eigenvalue of M lies in (B,x — %
n—o00 qn,4
§
Bnx + ——)
qn,4

exist (with n even for § = 1, 4) and are independent of Q (cf. (1.1)).

For a proof and a description of the limits, see the corresponding results,
Corollaries 1.2 and 1.3, in Ref. 7. We would like to stress again that the limiting
local spectral statistics of Hermite-type ensembles as considered in Refs. 7, 8
agree in the bulk and at the soft spectral edge exactly with those for Laguerre-type
ensembles considered in the present paper.

We conclude the Introduction with a brief outline of the remaining parts of
this paper. In Sec. 2 we derive formulae (see Theorem 2.7, Lemma 2.10, Corollary
2.15) for the scalar functions S, g, B =1, 4, appearing in the definition of the
matrix kernels K, g in (1.9), (1.10), in terms of orthogonal polynomials. Here we
follow mostly. -85 The precise form of the relation (2.40) in Proposition 2.9
below and the skew symmetry of G, and G, reported in Lemma 2.10(ii), are
extremely useful in proving precise error estimates at various points in this paper.
Relation (2.40) and the skew symmetry in Lemma 2.10(ii), can also be used to
improve some of the error estimates in Refs. 7, 8 (cf. Remark 4.1 in Ref. 8). At
the end of Sec. 2 we have all the necessary ingredients to formulate the strategy
for proving our main results (see Remark 2.16).

As in Refs. 7, 8 one crucial step in the analysis is to show the invertibility of
a certain m x m matrix (see 7, in (2.49) below), where m denotes the degree of
the polynomial Q. This will be done in Sec. 3. Here estimates (essentially) derived
in Ref. 5, 7 are very useful (see Propositions 3.4, 3.5, 3.6). However, the proof of
the invertibility of the m x m matrix 7,, in the present situation, is considerably
more complicated than the analogous situation in Ref. 7, 8, and new ingredients,
over and above the estimates in Ref. 5, 7, are needed.
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Sections 4 and 5 provide all the asymptotic information on the orthogo-
nal polynomials needed in this paper. We start the analysis from the pointwise
asymptotic results derived in Ref. 23 by a Riemann—Hilbert (RH) steepest-descent
analysis. In Sec. 4 we reformulate these asymptotic results in such a way that they
can be conveniently used in the subsequent sections. Note that our splitting of R
into intervals with different leading asymptotics, differs from the one used in Ref.
7, and leads to improved error estimates, in particular see Lemma 2.6 below. In
Sec. 5 we then derive asymptotic formulae for integrals of the functions ¢, defined
in (1.7) and of various related functions. Most of these calculations are needed to
determine the leading order behavior of the matrix B which appears in Widom’s
formalism discussed in Sec. 2.

Our final Sec. 6 combines all auxiliary results and provides proofs for our
main results. Here we give all details for the hard edge case which was not present
in Refs. 7, 8. For the soft edge and the bulk we do not repeat those arguments
which can already be found in Refs. 7, 8.

Remark. Throughout this paper, D denotes differentiation and & denotes the
integral operator with kernel e(x, y) = %sgn(x — y). Furthermore, by ef(x) we
always mean the following,

1 o0
e = /O sen(x — ) f(dy. x> 0.

The property Def(x) = f(x) is clearly true for all continuous and integrable
functions f on R, . However, the relation e Df(x) = f(x) is only true if £(0) = 0.
In what follows, the relevant function f* will always have this property, and we
will use the relation e Df(x) = f(x) without further comment.

2. WIDOM’S FORMALISM

Following "-#2% we will derive in this section formulae for the scalar functions
Su.p, B = 1, 4 appearing in the definition of the matrix kernels K, g in (1.9), (1.10).
Furthermore, we will present all properties of the terms appearing in the formulae
needed to prove our main theorems, except for the asymptotic results on the
orthogonal polynomials. Those results will be provided in Sec. 6.

Recall first (see Ref. 22) the following representations for S, g corresponding
to probability density functions of the form (1.2), (1.3). Let {ri(x)}i>0 be any

sequence of polynomials with 7; having exact degree k. For k =0, 1,2, ..., set
rr(x)wi(x), =1
Wk,ﬁ(x) = { 12 (21)
re(X)(wa(x)) 77, B =4
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Let M, ; denote the n x n matrix with entries

My D)jr = W1, ¥k1), 0=<jk<n-—1, (2.2)

where we recall that & denotes the integral operator with kernel e(x, y) =
%sgn(x —y)and (f, h) = fooo f(x)h(x)dx is the standard real inner product on
R, . Furthermore, denote by M, 4 the 2n x 2n matrix with entries

(Mn,4)jk = <Wj,4» w]é,4>v O S js k S 2n - 11 (23)

The matrices M, ; and M, 4 are skew symmetric and invertible (see e.g. Ref. 2,
(4.17), (4.20)). Let w,.1, itn.4 denote the inverses of M, 1, M, 4 respectively. With
this notation we have the following formulae (see Ref. 22) for S, g

n—1
Sua(r.y) ==Y 1) (a)jk (V1)) neven, (24)
k=0
2n—1
SnaCe, ) =Y W) 400) (tna) ik Vs (y). (2.5)
k=0
As noted in (Ref. 8, (1.49), (1.50)) the following representations of €S, g that are

convenient for the study of the (2,1)-entries of K, 4 are immediate from (2.4) and
(2.5).

Proposition 2.1.

y
(S )x,y)= —/ Sp1(t, y)dt, neven, (2.6)

X

y 00
(€5,.4)(x. y) = — / Spalt y)di = — / St y)di = /0 St ) di
2.7)

Proof: The first equation follows from (2.4) and the skew symmetry of w,
which implies in turn the skew symmetry of €S, ;: In particular €S, (v, y) =0
for all y > 0. The first relation of (2.7) follows from (2.5) in a similar way, using
the skew symmetry of w, 4 and 81/[}! 4+ = ¥ 4. The remaining two equalities are
consequences of (&S, 4)(4+00, y) =0 for all y > 0 together with the trivial re-
lations ef'(x) = fox f@)dt — ef (+00) = ef (+00) — fxoo f(¢)dt, which hold for
integrable functions f. O

An essential feature of formulae (2.4), (2.5) is that the polynomials {r;} are
arbitrary and we are free to choose them conveniently to facilitate the asymptotic
analysis of (1.9), (1.10)asn — oo (see discussion in Ref. 7, below (1.18)). Widom
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(25 found that the choice of orthogonal polynomials for {r;} leads to particularly
convenient expressions for S, g in cases where wj/wg is a rational function. In
Refs. 7, 8 it was then shown how these formulae together with detailed asymptotic
information on the orthogonal polynomials lead to universality results.

In order to be able to use the same set of orthogonal polynomials for 8 = 1,
4 (and 2) we have defined w = w? = wa(= w») in (1.4), (1.5). The role of ry,
Y, p above is then played by pr and ¢ defined in (1.7) above. The simultaneous
treatment of 8 = 1 and 4 is further facilitated by assuming 7 to be even and by
considering S, | together with S%A.

Consequently, let # be an even integer where we assume in addition thatn > m
(recall from (1.6) that m denotes the degree of the polynomial V' (x) = » 7, ¢,x/).
Following Widom ®* we denote

= span(¢o, @1, - - » Pu-1)- (2.8)
Following (Ref. 25, (3.3) and (3.4)) we introduce the 2m-dimensional space
g = span({x/ ¢, (x), x/¢,_1(x) | =1 < j < m —2}).

From the standard three-term recurrence relation satisfied by the orthonormal
functions ¢; (see Ref. 20), it follows directly that

¢n(X) Pn— 1(x)}>

g:span({¢k|n—m+1<k<n+m 2}U{
X X

Define
gV:=gnH, and g®:={feg|(f,h) =0, forall h € H}.

Our first task is to construct a basis for g(") and g®®. Define

o) = 2 [ P @22 - p 02, (.9)
() i 2mi 2t [C(zan w0 02 1(")] (2.10)
where C denotes the Cauchy transformation, i.e.
L[ o)
Clpywy0) = 3 [ 20y

Let 8, be the Mhaskar—Rakhmanov—Saff number as defined in Sec. 4.1 below, let
d, be some negative number specified in (4.24) below, and define

- 1 [B, -
1//1 = Otdn\/gl/fl, and 1//2 = d_ %wz (211)
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Furthermore, let ® := (P, ®,) with

P = (d)n—l’ Gn2,... s ¢n—m+lv I//l)’ D, 1= (d’n» ¢n+l’ ceey ¢n+m—2» I//2)

With this notation we can prove the following Lemma.
Lemma 2.2. ®; is a basis of g for j = 1, 2.

Proof: Our approach to proving the Lemma is as follows. Assume that the
following four statements are true:

(i) span ®; < gV

(i) span®, < g@
(iii) the m functions in @, are linearly independent
(iv) the m functions in @, are linearly independent.

Then it only remains to be seen that dim(span ®;) = dim g"’ and dim(span ®,) =
dim g®. Since g N g = {0}, this follows from

2m = dimg > dim g’ 4 dim g® > dim(span ®,) + dim(span ®,) = 2m.
We now turn to verifying the four statements (i)—(iv).

(i) One only needs to show that J/; € g(). Applying the Christoffel-Darboux
formula (see Ref. 20) to Eq. (2.9) we have

n—1

V1) = ) pr(0)(x). (2.12)

k=0

This shows that ¥, is in H and bence in g».
(ii) We need to prove that fooo dr(x)Ya(x)dx =0forall0 < k <n — 1. Write

¢k)§x) _ <C]k—1(x)+ Pk(0)> \/m

X

for some polynomial g;_; of degree k — 1 (resp. g—; = 0 for k = 0). From
orthogonality we obtain for 0 <k <n — 1,

/0 0P g /0 (qk_l(x)+pk(o))pn_l(x)wmdx

x x
= pk(o)/ de
0 X

= 27ip(0)C(pu-1w)(0),
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and similarly

o0
X
/ wx0 Pt = 2mipy OYC(py)0).
0
This implies that for 0 <k <n — 1,

/0 P (X)Pa(x) dx = (2i)’ y:;l PeO[C(Pr—1w)O)C(prw)(0)

—C(Paw)(O)C(pn-1w)(0)] = 0.

(iii) It suffices to prove that ¥ ¢ span(¢,_i, du_2, - .. » Gu_m+1)- This follows
again from Eq. (2.12) as pp(0) #0andn —m + 1 > 0.

(iv) We prove by contradiction that v, & span (¢, ... , Ppim—2). Assume
otherwise. Then lim,_, %&z(x) = 0. On the other hand, using the

Christoffel-Darboux formula and the orthogonality relations for p; we
have

, x
;l_f)f(l) m%(x)
_ Yn-i /Oo (Pnl(J/)w()’)Pn(O) _ Pn(y)w(y)pn1(0)>d
= y
Yn Jo y y

n—1 )
== p0) [ pitry
k=0

= —po(0)* /0 w(y)dy = —1.

This proves the Lemma. O

Next we consider the operator [D, K] = DK — K D which plays a central
role in Ref. 25. Recall that D denotes differentiation and K denotes the orthogonal
projection onto H, i.e.

n—1

(K/)x) = / K@) f0)dy,  with Kx, )= Y du@)u().
k=0

It follows from Ref. 25 that the kernel of the operator [ D, K] can be expressed in
terms of functions in g (in fact this motivates the definition of g). More precisely,
it is shown in Ref. 25 that there exists a 2m x 2m real matrix A such that

[D,K1f = ®A(f, @), forall f e C\(R,)with /' € L\(R}). (2.13)
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Moreover A has the form

A= <A0 AOIZ) . where 4, = 4, is of size m x m. (2.14)
21

Here ( f, ®') denotes the (column) vector fooo f(x)®'(x)dx. In order to determine
the entries of A we first prove the following Proposition.

Proposition 2.3.  For all integers £ with 0 < £ < n — 1 we have

n+m—2
n

1
[D.Klpe= Y (—5<V/¢z,¢k>> Pt (_w ><¢e,w1>wz.

k=n

Proof: Let0 < ¢ < n — 1. Then, since K¢, = ¢, we obtain

[D. Klge = D¢ — KDy = (I = K)g;
= (1 = K)piv/w) + 5 = K) (%) UK. @19)

Let w(x) = 1,/w(x). Observe that

n+m—2

pivw e H, % € peOWw+H, and Vg€ Z (V'be, dr)or + H.
k=n
Here the last formula follows from the fact V'¢y € span(¢y, 1, ... , Ppim—2)-

Since (I — K)f =0 for f € H, and since (I — K)¢; = ¢y for k > n, we then
obtain from (2.15)

n+m—2

1
[D. Ko = SpeO = K)@) + Y (—5<V/¢z,¢k>) b (2.16)

k=n

It now remains to determine (/ — K)(w). Note that

Do(x) = 2L / VD) () (x) = Ga()br () dy
VYn 0 xy
00 n—1
— [P0 Y aomomay
k=0

o0 1 [ 1
=/ K(x, y)w(y)d ——/ K(x, y)ywy)dy = K(0) — —K(Vw).
0 X Jo X
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Since /w € H, we have K (y/w) = +/w. We then obtain ¥, = (K — I)(), so

that by (2.11),
(I = K) () = =V = —dn\/ﬁzlﬁz-

Inserting this relation into (2.16) we obtain

n+m—2

1 1
[D,K]¢z=—§0ldnpe(0) %%4— ; <_§<V/¢K7¢k)> dr.  (2.17)

Finally, observe that by (2.11) and (2.12)

n—1
(e, Y1) = Oldn\/g<¢z, Zpk(0)¢k> = ad, pe(0) %
k=0

The Proposition follows by inserting this relation into (2.17). |

Proposition 2.3 implies that for all f € H,

n+m-2 n—1 1
[DK1f == D D iz (Vb bl fs ) - m%m ).
k=n =0 n

Note that V¢ € H for £ < n — m: Hence (V'¢,, ¢p) =0 for £ < n —m and
k > n. Therefore,

n+m—2 n—1 1
DK== 0 2 dug(V'bedu)lfibe) = wzz’/; (fov)
k=n {l=n—m+1 n
—ay =2 (9 OV (reh, forfen, (2.18)
IBn 0 2
where O, is the (m — 1) x (m — 1) matrix given by
Bn

Qn(i7j):Z(V/¢n—jv¢n+i—l>a forl<i,j<m-—1
On the other hand (2.13) and (2.14) imply
[D, K]f = @245 (f, ®}), for feH.

It is easy to see that the map g’ 5 f > (f, ®|) € R is a bijection. Since
gl C H this shows that H > f + (f, ®!) € R™ is onto, which in turn proves
that the matrix A4,; is given by

Ay = _1<QO" ?) (2.19)

2
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Remark 24. For i+ j>m, Q,(G,j)=0 and for i +j=m, 0,0, Jj) =
(V'@nti-m, Pn+i—1). But by the orthogonality properties of the ¢;’,
(V' bnsiom> Guri—1) # 0. It follows that the matrix 4;, and hence also A4i,, is
invertiare satble.

Lemma 2.5. (Asymptotics of the matrix 4) The asymptotic behavior of the
matrix Ay as n — oo, is given by

Ay = —ﬂi(Y +Om=™y), whereY = <£02 ?) . (2.20)
n 2

Here, Q is an (m — 1) x (m — 1)-matrix which is given by

0@, j)i=ciyj-1, forl <i,j<m-—1, (2.21)
with
2272 ( 2m — 2 m2j—1
= s d Am = . 222
T4, <m—1—€) “ [175 (@22)

J=1

Further, since A, = Ay and Y =Y', (2.20) yields

A12 = A21 + O (ﬂin_l/m) . (223)

n

Proof: The proof uses the results in Ref. 23 on the asymptotics of the recurrence
coefficients b,_; and a, appearing in the three-term recurrence relation

)C(b,,(X) = bn¢n+1(x) + an¢n(x) + bn71¢n71(x), (224)

satisfied by the orthonormal functions ¢;. The asymptotic behavior of the recur-
rence coefficients as n — 00, is given by, cf. (Ref. 23, Theorem 2.1)

by =%[1+0<%>] anz%[ht@(%)] (2.25)

Here, B, is the Mhaskar—Rakhmanov—Saff number as defined in Sec. 4.1 below, and
has the following asymptotic behavior, cf. (Ref. 23, Remark 2.2 and Proposition
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3.4)

2n " "1
, = 1+0mn™"Y™)], A, = , 2.26
p (mqm Am) [1+ 0™ E % (226)

with g,, the leading coefficient of the polynomial ¥ (x) = > ;" gix* (cf. (1.6)).

Note first that for the case i + j > m it is clear that Q,(i, j) = 0 as well
as ¢;4+j—1 = 0 by the standard definition of binomials with negative second entry.
Next, consider the case i + j < m. Since & = 1+ O (1) for |k — n| bounded as
n — oo (see Proposition 5.8 below), it follows from (2.25) that

b 1 1
f ~1+0(=). and % —2t0(-
by n by_1 n
for |k — n| bounded as n — oo. Using the three-term recurrence relation (2.24),
one can then prove by induction on s that

2s 2 1
e =5, Y () [1 Lo (—)} b (),
r=0

where the error bound O(1/r) does not depend on x, s, £ for 0 <s <m — 1 and
n—m+1<¢<n—1.1It follows from this relation that fori 4+ j < m

Qn(l ])_ ﬂ V¢n ja¢n+z 1) ﬂ Z(S+1)qs+1 (x ¢n —js s Puri—1)

_b ni (s + Dgesib 2 1+o(L
~ oo\ 4 i+/-1) n)]

s=i+j—1

Using (2.25) and (2.26) we then arrive at the formula

m—14+G0+]j
22-2m 2m — 2
Am
= ci-‘rj—] —|— O(I’lil/m).

2m —2
0ut. j) = Lomaubl J( » ._1))[1+0(n”””)]

= B 1))[1 +O(n™!/m)]

m—1—(G+

This completes the proof of the Lemma. |
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Following ®> we next define the real 2m x 2m matrix

_ ¢ _(Bu B
B_(8®’®>_<le ) (2.27)

Observe that B is skew symmetric so that
Bll = —B{l, B21 = —B{z, and Bzz = _352' (228)

For the convenience of the reader we display the entries of the matrix B, which
is given by By = (¢®), ®,), more explicitly,

8¢n—ia¢n+j—1>’ 1 51,]§m—1,

(
<5W17¢n+j—1)7 l:m,lfjfm—l,
(
(

Bp(i, j) = (2.29)

€¢n7isw2>7 ISiSm_l7]:m7
ey, ¥), i=j=m.

Lemma 2.6. (Asymptotics of the matrix B) Thereexists0 <t = 1(m,a) < 1
such that:
(i) As (even) n — oo,
n R !
B, = 'B—(X+ O(n™™)), where X = ( - " ) . (2.30)
n v JIn1
Here, R is an (m — 1) x (m — 1) matrix and v is an (m — 1)-dimensional row
vector, which are given by

A [ m 1

2.31)
with
.2 ('sin(q arccos(2x — 1))
I(q) = ;/O o —x) X, (2.32)
2 (!sin((g — 1/2)arccos(2x — 1))
I(q) = ;/0 TR 72— ) dx, (2.33)

and h(x) is expressed in terms of a particular hypergeometric , F function as
follows:

m—1

Am—l—k k 4m .
h(x) = gz e il — ZFI(1,1 —m,3/2 —m;x).  (2.34)
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Further, since By; = —B{z and X = X', (2.30) yields

By =—B;+ 0O (&nf) . (2.35)
n

(ii) As (even) n — oo,

B =0 <%) =By, Bp=-B;+0 (ﬂnn_r) . (2.36)

n

Proof: The Lemma is immediate from the results (5.69)—(5.71) in Sec. 5. One
should note that for the entries of the form (e¢,_;, ¥») we use the fact that
—1(—i + 1) = I(i), which is true by definition. O

Finally we define the 2m x 2m matrix C (see Ref. 25)
I 0 I+ BppAn  Budn Cn Cn
C = +BA= = , (237
<0 0) ( By Ay B21A12) <C21 sz) 237)
with 7 the m x m identity matrix. We now have introduced all the ingredients

needed to state Widom’s result (Ref. 25, Theorem 2) concerning the kernels S, |
and Sz 4 (cf. Ref. 7, (1.36), (1.37)).

Theorem 2.7. (Widom ®®)  The kernels S, | and Sz 4 are given (for n even) by
S%,4(x, y) = Kn(x, y) - CDQ(X)AQ]«S‘CD](y)t - @2(X)A21C1_11C128q32(y)t (238)
Sn1(x,¥) = Ku(x, ) = (@1(x),0) - (AC(I = BAC)™)" - (e D1(y), eD2(»))'.

(2.39)

Remark 2.8. The invertibility of Cy; in (2.38) and of / — BAC in (2.39) is one
of the assertions in Ref. 25 (see also Ref. 7, Remark 1.5).

To simplify the analysis in the present paper we need a better understanding of
these kernels. We now establish the following interesting and very useful relation.

Proposition 2.9.
0 0
BAC = . 2.40
<C21 sz) (240)

Proof: Using 4 = A', and the fact that e € C'(R,), (ef) = f € L(Ry) for
all f € g, we conclude that

DKef = KDef + [D,Klef = Kf + ®A(ef, ®') = Kf + (¢f, ) 4D,
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for all f € g. Thus,

I 0

DKe:g — g, with(DKe)® = BAD' + <0 0

) P =Co, (241)

DKe—K:g— g, with(DKe—K)®' = BAD". (2.42)

Using in addition that e Df = f for all f € 'H, we conclude

(BAC)®' = DKe(DKe — K)®' = DKe(I — K)®' = (8 (;) Co'.

Since @ is a basis of g we then have

0 O 0 0
BAC:(O 1>C:(C21 C22>’

which proves the Proposition. O

The above Proposition together with Lemma 2.10 below, restates Widom’s
result in a form which is particularly convenient for the asymptotic analysis
in Sec. 6. Lemma 2.10 summarizes certain facts which were already used in
the analysis of (Ref. 8, Sec. 4). Note, however, that some of these facts were
stated in Ref. 8 in a weaker form due to the use of a different version of
Proposition 2.9.

Lemma 2.8. (i) For n even, the kernels S, 1 and Sg,4 are given by,
Su 4(x, y) = Ky (x, y) = @2(x)A216P1 () — P2(x)G11P2(y)', (2.43)
Sua(x, ) = Ku(x, y) — ®1(x) 4126 P2(y) — ®1(x)Grie®i(v),  (2.44)
where
G = A3 Cy'Cry, and Gy = —A13BnCyl Ay with Cyy =1 — Cyy.
(i1) The matricesG1; and Gll are skew symmetric. Moreover,

G = —Alzéz_zlczl-

Proof: (i) Equation (2.43)is precisely (2.38). Next, consider the 2m x 2m matrix
[AC(I — BAC)™'T as a two by two block matrix with blocks of size m x m and
denote the upper left and right blocks by G, and 6}12, respectively. With this
notation we have by (2.39),

S 1(x, ¥) = Ku(x, ¥) — @1(x)G116D1(p) — @1(x)G126D2(y)".
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In order to determine Gll and Glz, observe that from Proposition 2.9,

. 1
é, *> < I 0) ( I >
- = AC A = AC | ~_ A1 ). 2.45
(G’lz * —Cy Cn ' Ca Gy 245

Note that the invertibility of C», is immediate from the invertibility of / — BAC.
By (2.45),

Gy = (AC) + (AC)12Cy Coy = A (1 + CC5,)Co
= A12(Cx + C22)é£21C21 = Alzé{lezzAzl- (2.46)

Since A4, = 45, and By, = —B},, see (2.14) and (2.28), this yields G =
—AuBzzCA'z—zfAz] . Further, from (2.45) we obtain,

Gy = (AC)1 + (AC)0nC3' Cot = A2 (Cri + C12C5,' Cat)
= Ay + A21(C11 -1+ Clzé;zICﬂ). (2.47)

From Proposition 2.9 it follows that
" )E)- ()
C21 C22 C21 C21 ’

Cip — 1 = —CpnCy Cyl, é{glczl = CyCy.

which implies

Inserting the first relation into (2.47) we obtain Gﬁz = Ay = At12 and the first part
of the Lemma is proven.

(i1)) We will now prove that G; and Gll are skew symmetric. Since C{l =
I — AIZBZI, S€e (237), (214) and (228), and since (C11 — I)Clz + C12C22 =
(which follows from (BAC);; = 0) we have

(=]

B11C{ 412 = Cia — C12Cp = C11C1p = C11 By A1a.

The invertibility of 4, (see Remark 2.4) yields By;C;; = C},' By Since C!, =
_AZIBII we obtain

_ t _ _ _
(A21C111C12) = —Ay B C;' A1y = —An Cy' Bi1 A1y = — 42, C;,' Cha.

Hence G = A21C1_11C12 is skew symmetric.
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Next, since Cl, =1 —Cly =1+ A3Biz and CyCyy + CnCay = Cyy
(which follows from (B AC);; = C,1) we have,

BzzéézAzl = (3 C11 = CCy1 = CyBrdy).
Since Ay = At12 is invertible we therefore have Bzzéz_zt = CA,’Z_Z1 By, and thus
G = _AIZéz_leZZAZI = —Alzé{zl Cyr. (2.48)
The skew symmetry of G” now follows from (2.46), and the Lemma is

proven. |

As discussed in Remark 2.16 below, our universality results depend critically
on bounds, uniform in 7, for the inverse matrices C;;' and C;,' which appear in
the definitions of G; and G 11 given in the previous Lemma. In order to prove the
existence of such bounds we introduce

T, =1 — XY, (2.49)

where the n-independent matrices X and Y were defined in Lemmas 2.6 and 2.5,
respectively.

Theorem 2.11. For all m > 1, the matrix T,, is invertible.

Proof: For m = 1, the result is trivial as X = 0 in this case (see Lemma 2.6).
For m > 2, the proof of the Theorem requires considerable detailed analysis and
occupies all of Sec. 3. O

Corollary 2.12. For all m > 1, there exists N, L such that for alln > N,

@ ICH =1 + Biada) ™' < L
(i) 1€ =1 = Baudn) ™'l < L.

Proof: (i) It follows from Lemmas 2.5 and 2.6 that 7 + B, A, converges to T},
as n — 00. The claim now follows from Theorem 2.11.

(i) Since 4}, = A and BS; = — By, we have that (I — By A»)" converges
tol — YX asn — oo. Since XY and Y X have the same (non-zero) eigenvalues,
the invertibility of / — Y X follows again from Theorem 2.11, leading to statement
(ii). ]

Lemma 2.5, Lemma 2.6(ii) together with Corollary 2.12 imply:
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Corollary 2.13. The matrices G11 and G of Lemma 2.10 obey the following
asymptotic bounds,

GH:O(ﬂi), 6“:0<g—>, n = oo. (2.50)

n n

Note that for m = 1 it follows from the skew symmetry of G; and Gll, see
Lemma 2.10(ii), that G, = G,; = 0.

The importance of the analog of the following observations for the proof of
universality has already been noted in (Ref. 8, (1.46)).

Proposition 2.14.  With the above notation, the following statements hold true.

(i) A218P1(+00) + G118Py(+00) = 0.

(i1) There exists 0 < T = ©(m, o) < 1 such that as n — oo
Ape®i(+00) + Gr1e@a(+00) = A1Co,' [O(n™)e®) (400
+ O Medy(+00)].

Proof: (i) Recall that for f € H (see (2.8)) we have 0 = %fooo f(x)dx =
e(Df)(400). Using (2.41) and Ke®' € H>" we obtain 0 = e(DK e ®")(4-00) =
e(CP")(+00) = Ced'(400). This implies by Lemma 2.10 that

A21e®@1(+00) + G116Dy(+00)
= Azlcl_ll[c11€q>1(+00)’ + Crpe®y(400)']1=0.
(i) Lemma 2.10 yields
Ape®(+00) + G11e®y(+00) = 41205, [Cre® (400) — Ca1ePy(4-00)'].

Moreover, relations (2.23), (2.35), (2.36) together with (2.20), (2.30) imply Cyp =
Ci1+0Om ")and Cy; = —Cj3 + O(n~7) for some suitable 0 < 7 < 1. The claim
then follows from (i). d

The above Proposition together with the simple observation that for integrable
functions f € L'(Ry)

ef (x) = /0 F(s)ds — f (+00) = £f (+00) — / F(s)ds

allows us to convert (2.43) and (2.44) into a form which is particularly suitable for
the analysis both at the hard and the soft edge.
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Corollary 2.15.  Forn even, and for some 0 < t = t(m, o) < 1, the kernels S, 1
and Sz 4 satisfy

v ¥
S1 4(x, y) = Ky(x, y) — @a(x) 42 / ®(s)'ds — Py(x)G1y / ®y(s)' ds
0 0
@2.51)

— K(x ¥) + Ba(x)day / ®1(sY'ds + ©2(¥)G1 / s (s)'ds.
y y

(2.52)

y
Sn1(x,y) = Ku(x,y) — ®1(x) 412 (/0 Dy (s) ds — ePy(+00) + 8¢1(+00)t)

— d1(x)Gy </'y ®(s)'ds — e (+00) + sd>2(+oo)’)
0
+ d>1(x)A126‘;21[O(n_’)edh(—l—oo)’ + O(n e dy(+00)]  (2.53)

= Ku(x, y) + @1(x)A412 </°° D,(s)'ds — e®1(+00) — 8‘D2(+00)t>
y

+ @,(x)G 1y </ ®(s)ds — e®(+00) — 8<I>2(+oo)’)
¥

+ ®(x)41,C5 [0 )e®(+00) + O(n ey (+00)].  (2.54)

Remark 2.16. Corollary 2.15 allows us to indicate at this point which facts are
essential for our proof of universality. The details of the proofs can be found in
Sec. 6.

(a) Hard edge: For the simpler case g = 4 we see from (2.51) that Sz 4 can be
written as a sum of three terms. The first term is the Christoffel-Darboux
kernel which we know to be universal from the analysis of the case § = 2.
23 The key to understanding the second term is the observation (cf.
Propositions 6.4, 6.5) that after rescaling ®,(x) and foy @ (s)ds are both,
to leading order, scalar multiples of the vector e := (0, ..., 0, 1) where
the scalar factors can be expressed in terms of some Bessel functions
which only depend on «. Moreover, eA e’ just reproduces the (m, m)
entry of A,;, which by (2.19) is (universally) given by —2L By similar
reasoning the leading order behavior of the last term of (2.51) is given by
eG 1€’ which is equal to 0 by the skew symmetry of G1;. The vanishing of
this term by skew symmetry is fortunate since an explicit evaluation of the
asymptotics of the matrix G; for general m is a formidable problem. The
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(b)

(©)

heart of the problem is then to estimate the inverse matrix C fll uniformly
in n (cf. Corollary 2.12).

For 8 = 1 we use formula (2.53) which is a sum of four terms. The

first term is the Christoffel-Darboux kernel and the last term is of lower
order due to the O(n~7") estimate. As in the case 8 = 4 one can show by
corresponding asymptotic formulae for the expressions depending on O,
that the leading order behavior is given by e4 1»€" and eG e, The latter
term vanishes by skew symmetry of G, and the first term equals — 35 ﬂ
since Aj, = A5, by (2.14).
Soft edge: The arguments here are quite similar to the ones given for the
hard edge with (2.51), (2.53) replaced by (2.52) and (2.54) respectively.
The most distinctive difference from the hard edge case is that the vector
e is now replaced by a=(1,... , I, 37,7 ) We still have the vanishing
ofaG a’ and aG a’ by skew symmetry However, the universality result
at the soft edge hinges on the relation

aA21a = aAlza = _ﬂ_< + (’)(n_l/”’)>

of Proposition 6.7. This relation follows from the leading order evaluation
a¥Ya' = —

which by the defintion of Y in (2.20) is based for each m on some identity
for sums of binomial coefficients. It is somewhat surprising and maybe
unsatisfactory that the derivation of the universal Tracy—Widom distribu-
tions at the soft edge depends on such special identities. A similar situation
already appeared in (Ref. 8, (4.13) and below).

Bulk: As in Ref. 7 the proof of universality in the bulk is less subtle than
at the edges, because one can show that the Christoffel-Darboux kernel
K, dominates in (2.43) and (2.44) and the remaining two correction terms
in each formula are of lower order as n — o0.

3. INVERTIBILITY OF 7,, FOR m > 2

In this section we will always assume m > 2. Our objective is to prove that
for such m the m x m matrices 7,, = I — XY, defined in (2.49), are invertible. A
crucial step in the proof of this result is provided by the estimates in Lemma 3.2 for
the entries of the matrix X. Our proof of the basic Lemma 3.2 in Sec. 3.2 follows
closely the corresponding proofs in Refs. 5, 7, see in particular Proposition 3.4

below.

However, as mentioned above, we face new difficulties in the Laguerre-type
case which are not present for Hermite-type ensembles. In the Hermite-type case
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the authors show that, for any m > 1, as a map from /, to /, the analog of 7, —
has the norm <1, and hence 7, is invertible. In the present situation, however,
the last row and column in X and Y, which have no analogue in the Hermite-type
case, force the matrix XY to have norm >1 for any operator norm on R”. Thus
we may not simply invert 7,, by a Neumann series and one must take a different
approach. This approach is presented below and in Sec. 3.1.

We use the following representation of 7, which is immediate from (2.20),
(2.30) and (2.49):

I —RQ — Ly
T,=1—-XY = 2 ,
<—vQ %+% ! )

where Q is defined in Lemma 2.5, and where R and v are defined in Lemma 2.6.
The approach we follow to prove that 7, is invertible is based on the following
fact. A matrix 7 written in block form

a b
r=(¢3)
is invertible if both the matrices @ and d — ca™'b are invertible. Therefore it
suffices to prove that the following two conditions (1) and (2) are satisfied.

(1) I — RQ is invertible
Q) 1+ ﬁ;ﬁ —v0(I — RO ' #£0

In Sec. 3.1 we will show how these two conditions follow from the technical
Lemmas 3.2 and 3.3. These Lemmas will then be proven in Sec. 3.2 and 3.3.

3.1. Proof of Conditions (1) and (2)

We introduce some convenient notation. Let R; and U, be the following
(m — 1) x (m — 1) matrices,

L 10 y —iu
—Rr_ |3 —7— 1 — 3
Ri=R (0 0), and Up=1 (0 O)Q_<O 1 ) G3.1)

Here,y =1 — ¢ andu = (ca, ... , cu—1) (cf. (2.22)). Further, define Q = QU(;l.
It is clear that Uj is invertible with inverse,
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Then, since 1 + j—; = %, we have

Q‘QUﬁl_l o 0 ')—cicj—i- Cipi_1, for2 <i,j<m-—1
- 0_]/ th’ 11_4 YCitj—1, =1,] = .
(3.2)
With the above notation it is straightforward to check that
I-RQ=Uy—RiQ=(—-R OV (3.3)

Hence condition (1) is equivalent to the invertibility of (/ — R, Q). Assuming
condition (1) and using in addition that Q is a symmetric matrix and that (/ —
RIO)y'=T+{—-R Q) 'R QO wefind

vO(I = ROV = WOIU — RiQ) ' RIWOY +v0v. (3.4

Remark 3.1. In order to prove conditions (1) and (2) we will make use of the
following norms. If 4 is a p x p matrix and x a row vector of size p, we define

Alh—oo 2= max | Ayl ([ Aloomoo = max ) [ Ail. Al = Z 431,
k ij
x| = xil,  Ixlloo := max |x;].
Il = D il Ielloo i= max ;|
1
Note that || - |1 and || - |lcooco are precisely the operator norms for linear
maps £1(R?) = £,(R?) and £, (R?) — £(R?), respectively, whereas || - ||co1

is merely an upper bound on the operator norm for linear maps £(R?) — £;(R?).
These observations imply the following inequalities, which are readily verified:

[ABlloosoo < 1Blloos1lldllimoes  [ABll1soo = [1Blli-oollAlloc— oo

xAx'| < [Alhoollxl}, 1 4Bllsosoo < [ Allooooll Blloo—oo-

The following two Lemmas are the key ingredients in proving that conditions
(1) and (2) are satisfied.
Lemma 3.2. The functions I and I defined by (2.33) and (2.32), respectively,
satisfy forallm > 2 and g > 1,

@) (q) — 38141 < 2 with D =2.22
(b) 11(g) — 38141 < = withC =2.18.
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Lemma 3.3. Fforallm > 2,

@ [Qllor <m(5+3)
(b) vl < 0.3918 /m
) vO' < «/2}'11771

These Lemmas will be proven in the next two subsections.

Proof of Conditions (1) and (2): In qrder to prove condition (1), it follows from
(3.3) that we need to show that / — R; Q is invertible. This is done by proving that
IR1 Olloo—sco < 1. From the definition of R; and from Lemma 3.2(b) it follows

that || R |15 00 < % From Remark 3.1 and Lemma 3.3(a) we then conclude

A A C(nm 1
||R1Q“oo—>oo = ||Q||oo—>l”R1||l—>oo =< 5 <E + E) < 0.381C < 1. (35)

This proves that condition (1) is satisfied. Moreover we obtain the bound
A 1
I — RO Moo < —————.
17 = RiO) Mllsomoe < T—g 3070

It remains to prove condition (2). From Eq. (3.4) and Lemma 3.3(c) it suffices to
show that

(3.6)

(wOIU = RO RO < 1.
Using Remark 3.1, Eq. (3.6) and Lemma 3.3(b) we obtain

WO — RO 'R < I — RiO)Y 'Ri a0

< IR 1= wll(7 = R1O)  oosoo VO
c 1
<———03918 < 1. (3.7)
21-0.381C
Hence condition (2) is satisfied as well. |

Thus the invertibility of 7, follows from Lemmas 3.2 and 3.3. In the remain-
der of this Section we will prove that these two Lemmas are true.

3.2. Proof of Lemma 3.2

Our proof follows the corresponding parts of (Ref. 7, Sec. 6) and its improved
version in Ref. 5. Define for x € [0, 1] the auxiliary function u as,

1 1—x2 1
4+ — (3.8)

U=y T "2 T am
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where h(x) = 2;‘1—’11 2Fi(1, —m + 1; —m + 3/2; x). Note that this function u co-

incides with the function u defined in (Ref. 5, (16)). We will use the following
result.
Proposition 3.4. (Ref. 5, Lemma 3) For all m > 2 the following holds.
(a) There exists x,, € (0, 1) such thatu’ < 0 on [0, x,,) and u’ > 0 on (x,, 1].
(b) u(0) =0, u(l) = 3 and u(x,,) > — 7.
3.2.1. Part (a) of Lemma 3.2

In order to analyze I(g) defined by (2.33), we apply the substitution 8 =
arccos(2x — 1) and use (3.8) to arrive at

@) 4/2”9) 1 4f§V(9) ( 9)+sin29 '\ o
= — —_— = — u(cos - — ,
V=7 o 1 h(cos?0)  w )y 1 2 4m

1
2

where V, is the function,

in(2g — 1)0 !
V,(0) = s’m(‘i]T) =142 cos(2k6). (3.9)
k=1

Using the elementary facts,
7 3
/ V,(0)sin?0d0 = %51,[,, and / V,(0)d6 = %
0 0
integrating by parts, using the fact that #(0) = 0 (see Proposition 3.4) we obtain,
1 4 (72 1
1(q) — 581,(1 = ; A Vq(G)u(cos 9)d9 — E,
/2 1
= / W, (0)u'(cos ) sin6do — T forallg > 1, (3.10)
0 m

with W, the auxiliary function,

0 g—1 .
W,(0) = ;/0 V,(s)ds = = (9 +3 s1n(2k9)) . 6el0,00). (3.11)

T p k

Here, the expression of W, as a sum follows from (3.9). In order to prove Lemma
3.2(a) we will make use of Eq. (3.10), together with Proposition 3.4 and the
following result.



982 Deift et al.

Proposition 3.5. (cf. Ref. 5, Lemmad) Letq > 1. There exists 0, € (0, 5) such
that the following holds.

(a) W, isincreasingon[0,0,]and0 < W,(0) < W,(6,) = 1.7 for6 € [0, 6,].
(b) For 6 € [0,, 7] we have 1.7 < W,(0) < 2.44.

Proof: We distinguish three cases. First, in case ¢ = 1, we have W;(0) = %9.
Then the Proposition is true with 6; = %. Next, consider the case g = 2. It fol-
lows from (3.11) that W,(0) = %(0 + sin 26) and so W, is increasing on [0, /3]
and decreasing on [77/3, 7r/2]. Since W»(1/3) = 4/3 4+ 2+/3/7 € [1.7,2.44] and
Wy(r/2) =2 we can define 6, to be the unique number in [0, /3] such that
W,h(6,) = 1.7.

Finally, we prove that the Proposition is satisfied for g > 3 as well. Define a
sequence sy = qu”—_l for integers £ > 0. We first prove that

Wy(s1) <244 and W,(s2) > 1.7, forg > 3. (3.12)
Note that

W, (s1) 4/‘” sint dt
S1) = — s
VT 7 )y 2 - Dsinz5)

and that for every ¢ € [0, 7], (29 — l)sin(ﬁ) increases in g. Then W,(s1)
decreases in ¢, so that for all ¢ > 3,

Wy(s1) < Wa(m/3) < 2.44.

We now turn to the lower estimate on W, (s,) for ¢ > 3. We use sin(—2 4 1) <5 !
. q— q—1
for ¢t > 0 and arrive at

4 (7 sint 4 [ sint
W(s):—/ . dt—l——/ - dt
TE T x b @-DsinGE) ). Qg - DsinGG)

4 ("sint 4 [>T sint
> — —+ = ——dt
TJo ot ). 2q-— l)s1n(2qj)

Since the last integral is increasing in ¢ we then have for ¢ > 3,

2w : 2r/5 o

¢ 4 4 56

ST g = Zsier) + / ST e
‘7-[ T

4 4
/4 > —Si(n) + — — — .
o(s2) 2 /4 i) T /j, 5sin(%) 7 Juys  sint

= 25i6r) + W30/5) ~ Wit/9)

The last quantity can be estimated from below using Si(r) > 1.851 (see e.g., Ref.
1) and the explicit expression (3.11) for W3. We then find that W, (s;) > 1.7 for
allg > 3.
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Using (3.12) we will now complete the proof of the Proposition. It is im-
mediate that W, is increasing on [sy, sot+1] and decreasing on [si41, S2k42]-
Furthermore, the monotonicity of 1/siné on [0, /2], together with (3.12) im-
plies the following inequalities for the local maxima and minima of .

2 -3
244 > Wy(s1) = Wy(s3) = -+ = Wy(sane1),  withky = [ "4 }

2g — 1
17 < Wy(s2) < Wy(sa) < - < Wylsor),  with :[ . }

Using in addition that ,(0) = 0 and that W, (%) = 2 the Proposition now fol-
lows by choosing 6, to be the unique number in the interval [0, s;] satisfying
W,(6,) = 1.7. Such a number exists since W,(0) =0 < 1.7 and W,(s1) = W,(s2)
> 1.7. |

Proof of Lemma 3.2(a): From (3.10) we have

1 o
I(g) — 551,q = W, (0)u'(cos ) sin0do
0

/2 1
+/ W, (0)u'(cos ) sinfdo — —, (3.13)
0 2m

where 6% € [0, 7]1is defined such that cos 6* = x,, (see Proposition 3.4). With this
choice of 6* we have from Proposition 3.4(a) that

~0, for6 € [0, 6%,
u'(cos ) (3.14)
<0, forf e [6%, %].

Since 0 < W,(0) < 2.44 forall 6 € [0, %], we then obtain from (3.13) and Propo-
sition 3.4(Db) that,

1 /2 1
I(q)— =614 = / W, (0)u'(cos0)sin6dod — — > 2.44 u(cos6*) — —
27 o* 2m 2m

2.22

= 2m
This is the desired lower estimate. In order to obtain the upper estimate we
distinguish two cases. Consider first the case that g is such that 6* < 6, (here
0* is defined as above and 6, is chosen as in Proposition 3.5). Then, since
Wy(0) < Wy (0*) < 1.7 for 0 € [0,0%] and W,(0) = W,(0%) for 0 € [0, T], we
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obtain from (3.13), (3.14) and Proposition 3.4(b),
1 o
I(q) — 5514 < Wq(Q*)/ u'(cos 0) sin 6d6
0

/2 1
+ W,,(G*)/ u'(cos 0)sinfd — —
o 2m

. 72 1 o 1 1

= W@ uleosO)| " — 5 = o@D — o
0.7 222
< — < —

~2m T 2m
Next, consider the case that g is such that 8* > 6,. Then, since W,(0) < 2.44 for

6 € [0,0%] and W, (0) = 1.7 for 6 € [0*, 7], we obtain from (3.13), (3.14) and
Proposition 3.4(b),

L

o 2m

2.44 1 0.74 144 1.81 2.22
< = < .

= w)(1.7-2.44)+ ———
(e ) )+ 2m  2m ~ 4m 2m 2m — 2m

This proves part (a) of Lemma 3.2. i

1 *
1g) = 581 < —2.44 u(cos 0)|e — 1.7 u(cos 0)

3.2.2. Part (b) of Lemma 3.2

The proof of part (b) is analogous to the proof of part (a). In this case we
introduce the function

sin(2¢g6) cos 6

V)= —x5

1
= E(Vqul(e) + V,(0)). (3.15)
It is then straightforward to check that
A 1 4 7?2 . 1
I(g) — Z3l,q = | V,(0)u(cos 0)do — o

/2 . 1
= / W,(0)u'(cos0)sinf df — —, (3.16)
0 2m

where 7, is the auxiliary function,

. 4 9,
W,0) = ;fo Vy(s)ds, 6 €0, 00),

which satisfies the following Proposition.
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Proposition 3.6. Let g > 1. There exists 6, € (0, 7) such that the following
holds.

(a) W, isincreasing on[0,0,]1and0 < W,(0) < W,(0,) = 1.7for6 € [0,6,].
(b) For 6 € [0,, 3] we have 1.7 < Wq(G) < 2.36.

Proof: The proof is similar to the proof of Proposition 3.5. Again the case
g = 1 is trivial since W, is monotone increasing on [0, 2] with W, (0)=0 and
wi(3)=2.

In order to deal with the case g > 2 we define #; := kzl, k > 0, where Wq
attains its local extrema. Using the same arguments as in the proof of Proposition
3.5 (note that 1/tant is decreasing for ¢ € (0, Z)) it suffices to show that the
following estimates hold:

(i) W,(t) <236
(i) W, (1) = 1.7.

In order to prove these two claims we use the fact that for every ¢ € [0, 27) the
value of 2¢ tan 5- decreases in ¢ (for ¢ > 2) and converges to 7 as ¢ tends to oco.
This implies that for all ¢ > 2 we have

- 4 (7 sint 4 (7 sint 4 .

Wy(t)=— ——dt < — —dt = — Si(7) < 2.36,

q i
T Jo 2q tan Z T Jo t TT

. 4 ( (™ sint T sint
W,t) =— / —dt + / —dt
m \Jo 2qtan 3 » 2qtan 3

27 sin¢

. 4 4
> W(t) + ;/ ——dt =1+ — (14 SiQ2n) - Si(n) = 1.7

b2

Proof of Lemma 3.2(b): The proof is completely analogous to the proof of part
(a). From (3.16) we have

o*

. 1 . 2 1
I(q)— Z(Sl’q = | W,(0)u'(cos0)sin 6 do +/ W, (0)u'(cos0)sin 6 d@—%,
9*

where again 6* € [0, 2] is defined such that cos 6* = x,, (see Proposition 3.4).
Using Propostion 3.6 with the corresponding choice of 6, we obtain the lower
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estimate
A 1 LIEIR 1 1
1(q) — Z(Sl’q > /9 W,(0)u'(cos ) sind do — I > 2.36 u(cos 6*) — .
218
2m

In order to obtain the upper estimate we distinguish two cases. For 6* < 6, we
have

IA

R 1 . o* R /2 1
I(q)— 281,4 Wq(é’*)/ u'(cos 0)sin6d6 + W, (6%) u'(cos 0) sin 6 d9—2—
0 o* m

| 1 07 2.18
= W0 — — < - < 2
2m  2m 2m 2m

For 6* > 6, we have

2m

(e )(17 — 2.36) + 236 1 - O.66+1.36 1.69 - 2.18
=u(x,)(1.7 = 2. —_— < = < .
2m  2m dm  2m  2m 2m

) 1 . 7 1
I(q)— 4_181"’ < —2.36 u(cos 9)|Z — 1.7 u(cos 0) 9*/2

This completes the proof of Lemma 3.2. O

3.3. Proof of Lemma 3.3
3.3.1. Part (a) of Lemma 3.3

We start by introducing the convenient notation dj = Z;”;kl ¢ for k=
0,...,m—1,d,_; = 0(cf. (2.22)). We state the following technical Proposition.

Proposition 3.7. Forallm > 2,

2m — 2 c 3
c1=2m_l<1, and VEI_ZI>Z’ (3.17)
m—1 m
> di =~ (3.18)
. 2
j=0
1 1
3 mr —1<dy < E«/mn. (3.19)
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Proof: By definition, we have

2-2m (2m — 2) _ o 2m —2)! lﬂ[ 2j

T U2 (m=2)m! § 127 =1
Now, since
Cm=2)! =Dt -2/ _ o
]_[;'7:1(2]' -1 2m — 1" m! ’
we obtain ¢; = 2;”7 < landhencey > 3 Hence the first part of the Proposition
is proved.

In order to prove the second part, we observe that by definition Z;:OI dj =
Z;" | jc;. This implies that,

m—1 22 om m—2

Z(m—l—k)(zm 2)

j=0 An

G+ 1)<ZZ1+—12) 3 k(ka— 2) 2 —1— k)(ka— 2)’

we arrive at

- 222'”’”2 2m —2 2m —2
Sa= " e (i) ()

k=0

22’2’”( 1 2m — 2 m 222 oy — 2 m

— — = — = —C1.
24, " m—1 2 4, \m—2) 21
This proves the second part of the Proposition.

It now remains to prove the last part of the Proposition. First, we will derive

2m—2 (2m—2 _
a convenient expression for dj. Since Z m ( ’”j ) = 222 we have

—2m m=2 —2m
d0=222 5 2m =2\ _ 27" (2m =2
Ay =\ & 24, m—1

1 zzzm(zm—z)_ 1 1 om

Since

C1.

=24, 24, \m—1)" 24, 2m—1

Using the definition of 4,, we obtain

JT Tm+1) m
2 T(m+1/2) 2m—1

dy = (3.20)
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Next, we note the following estimate for the quotient of Gamma functions
1 1
0<Inl(z) - < - —)lnz+z— —In(2n) < o

forz > 1 (see e.g. Ref. 1, (6.1.42)). Thus
1 1
+ 5) Inm+1)—(m+1)+ 3 In(27)

(3.21)

InT'(m+1) > (m

1 1 1 1 1
InT — ) <ml - - - —In(2 _
n (m—i—z)_mn(m—i-Z) <m+2>+2n(n)+12(m+%)

so that
nTon+ 1) —nT(m+~) > Stnm4min (") 2L 2L
n —In — —In nf|—J)---—.
" M) TR A T) T2 om
Further, since
m+1 1 1
ln 1 > - 2
m+1) T 2m+1 2Qm+1)
we arrive at
T+ 1) —inC(m+2)> 2tnme " 1 ” 1
_ Z Zlnm _ - _ _
nhm A" T2) =2 2m+1 2 22m+ 12 12m
1 1
> —Ilnm— —.
2 2m
Therefore,
T'(m+ 1) ( )
Lot Dy fmes > v S
C(m + %) \/_

Inserting this inequality into (3.20) we then have
oz YT _NT o m VT w2,
2 4\/_ 2m — 1 2
In order to prove the upper bound we deduce from (3.21) that

T+ 1) — T m+~) < 2inm+ 1)+ min [ "1} - L ]
n — In — — In n — .
" ML) = "M\ T) 27 2m

Using

1 1 1
In m+1 < and In(m+1)<Ilnm+ —
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we obtain for m > 2

The claim then follows from (3.20) and from the inequalities

WV 1 2 1/ 2
nm(eﬁ—l)— " 1§§<«/7tme§5——1)<—< %eé——l><0
— m

2 2m -2 5

form > 2. O
The next result will be used in the proofs of all parts of Lemma 3.3.

Proposition 3.8. The following exact relation holds,
2

Proof: A straightforward calculation, using (3.18), shows that

m—1
. 1 1,
10l = do+d1+zdl+yj2_;dj

1 1 m
— (= y)do+d)+ ~di +y—c1 ).
y 4 2

The result then follows from the facts that 1 — y = ¢ and d; = dj — c1. m]

Proof of Lemma 3.3(a): The first part of the Lemma follows easily from (3.22),
(3.17) and (3.19). O

3.3.2. Parts (b) and (c) of Lemma 3.3

For convenience, we will write the (m — 1)-vector v as a sum of two vectors
v ="+ v! with v* and v' given by,

0 _ |:l j_m_ 1 _ ! _;] (3.23)
v = 2V 2 NN RNk .

vl = | |:1(1)— —1 1(2) I(m — 1):| (3.24)
2m — 1 2’ B ' '

and
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The main feature of this splitting is that the entries of v’ do not depend on the
I-functions and that, by Lemma 3.2, the entries of v! can be estimated by
D

<
|v|_2m 2m —

, forallj=1,...,m—1. (3.25)

Recalling that Q is symmetric, it is straightforward to check that we have the
following estimates on ||[vQ|; and vQv’:

R A D
Ol < V0Ol + m
m

vOv' <°00°) + ,/ ||v Ol t T (2 )||Q||oo—>1 (3.27)

It will turn out that we need to prove parts (b) and (c) of Lemma 3.3 in two steps.
First, we consider the case 2 < m < 32 and we let Maple explicitly calculate
the right hand sides of the above estimates. We then need explicit expressions
for 10|, and v°OQ(v°) (recall that we already have an explicit expression for
I Q||oo_,1). For the proof in the case m > 33 we will determine estimates for the
right hand sides of (3.26) and (3.27). In particular we need to determine estimates
on ||v°Q||1 and v° Q(vo)’. In order to get a good estimate on ||v0Q||1 we will use
the following Proposition.

; 1 Olloc—1 (3.26)

Proposition3.9. Forj=1,... ,m—1,
0< d_j < é
Cj C1
Proof: Definea; = a,’m’f,forj =1,...,m—1.Since ¢,—; = cim— sz 1 ' for
Cm—j Jj—

j = 2 we have the recursion relation,

-1
—(aj1+1), for2<j<m-—1; a; =0.
J

a; =
T om—

We now prove that a; is increasing, which proves the Proposition. We prove by
induction that a; < a;;. For j =1 this is obvious. Next, suppose that it is true
for j. Then
apt = @+ D—L— <@+ H—L—
2m —j—17 2m —j —1
2m—j—2 j
2m—j—-1j4+1"7

=daj+2 =aj42

which completes the proof. O
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Proposition 3.10. Form > 2,

m—1

0 A Cj 1 d dj m
=S L —(1+Z+yZ) - , 3.28
1Ol ;Zy _m( +3 +ch> Zm_l' (3.28)
1Ol < 0.2869/m. (3.29)

Proof: A straightforward calculation using the fact that i—? =1+ % + y%
shows that the j-th entry of UOQ is given by

(v“Q):i(/L—L(Hﬂjtyﬁ)) (3.30)
Ty \Vom -1 Um 4 ¢;)])’ '

This proves the first part of the Proposition. In order to prove the second part we
obtain an estimate for the absolute value term in (3.28). For all m > 2 we have by
(3.19) and Proposition 3.9 that

1 1+d1+ dj m < 1 1+d1+ d] m
N 47V ) Nam—1 = ym PR 2m — 1
_ 1 do m
S Sme V2m—1

JTom—1 1
WAl — <041, form>3.
A 2wm-2 S~ orm=
0, form = 2,
and
1 d, j m 1 d m
— |1 —_ > — (1 — ) =
Jn_1<+4+ ,) 2m—l_ﬁ(+4) m—1
_ 1 +d() m
—m\V Ty m— 1
YT _ [ om0 Jm 1
=78 m—1 " 2Jm=- 8 N2
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This then implies by (3.28) that,

||v°Q||lsj—£(i—ﬁ>sﬁ(l —%’7)\/%

V2 8 3 \V2
< 0.2869/m, form > 2, (3.31)
and the Proposition is proved. O

Proposition 3.11. Form > 2,

. 1 dy m 1 mm—1) ¢ d?

0 A¢, 0y 0
=——— — — . (332
v o) 2y J/m 2m—1+2y(2m—1)2+8+16ym (332)

Further,
R 0.246
0 A,y 0

v v ,  form > 33. 3.33
00 = ot (339

Proof: From (3.30), (3.23) and the fact that ‘C]—‘]’ =1+ % + y‘j—l‘ it follows that

m—1

¢; m 1 d d; 0
vQ(t})—Zg( - = (14 S ) )

4yfmzl< Nan1 _ﬁ<c"+c"%”d’>>'

Now, from (3.18) and from the fact that 1 — y = <& we have

m—1

d 1 m
Z (C_]' + C_]'Zl + )/dj> =dy+ Zd()dl +y (Ecl — d())

j=1
Merde (142 D+ i
=y—c — — =y—c; + 2.
14 5 1 0 2 YVI=Y 5 1 4
We obtain

woety = m L fom L (e
4y2m 1 2y dmVam—1  am \" 297 %)
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The first part of the Proposition then follows from (3.17). Next, from (3.32), (3.17),

(3.19) and from the fact that m(m 11)2 < 1 we have

N 0.246 1 1 1 T
VOO - e < — vT + -+ -+ ——
2m — 1 4y V 2m — 1 2y«/2m—1 6 8 64y
0.246
V2m — 1
7 2/3 —0.246
< - i +52 + Ty 23 0246
2y 8 am—1
<0, form > 33.
In the last inequality we have used the fact that y < 0.754 for m > 33. O

Proof of Lemma 3.4(b) and (c): First, consider the case 2 < m < 32. From
(3.26), (3.28) and (3.22) we obtain,

Ol < 22—’

1+d1+ dj m
— 4 ycj 2m — 1

+D d2+m
2\ 2m—1\4y "2

and from (3.27), (3.32), (3.29) and (3.22) we obtain

. 1 doy 1 1 m(m—1) dé
OV — ——— < — =+ + 0
V2m -1 2)/ V2m — 2y 2m — 1)? 16ym

028690 1) D dy ,m
' Jam =1 4mem—1\ay T2

We now let Maple calculate explicitly the right hand sides of these estimates for
2 < m < 32, and we see that the Lemma is indeed satisfied in this case.

Next, we consider the case m > 33. From Egs. (3.26) and (3.29) and from
Lemma 3.3(a) we have

N D T 1
v <10.2869 + —— | — + = m < 0.3918y/m, form > 33.
lvOllx [ Wi (12 2)]\/ v
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Further, from (3.27), (3.29), (3.33) and Lemma 3.4(a) it follows that

A D2 T 1 1
w0V < |:0.246 +0.2869D + ——— (_ + _)}
¢ ayam—1\12 " 2)| am—1

1
< ——, form > 33.
V2m — 1
This concludes the proof of Lemma 3.4. O

4. ASYMPTOTICS OF ¢,, ¥ AND ¥, ON THE POSITIVE REAL LINE

The goal of this section is to derive the leading order behavior and error
bounds for the functions ¢,, ¥ and v, which appear in the basis of g, g, (see
Lemma 2.2). These results are stated in Lemmas 4.8—4.12 below. They will be
used in the subsequent Sec. 5 to determine the asymptotic behavior of the matrix
B defined by (2.27). We present our results for the rescaled functions

Gn(X) = VButn(Bux), Ve (x) =/ But¥r(Bux), 1 =1,2, (4.1)

where B, denotes the Mhaskar—Rakhmanov—Saff number (see Sec. 4.1 below). In
this rescaling all zeros of by lie in the interval [0, 1].

As is well-known in the theory of classical orthogonal polynomials, there
are different asymptotic descriptions of the orthogonal polynomials in different
parts of the complex plane. For our purposes it will suffice to consider G, Y1, ¥
on R,. We find it most convenient for the analysis of Sec. 5 to split (0, 0o) into
four regions (0, n~'], [n7!, 1 — n"’%], [1-— n<i 1+ n’(’%] and [1 + n<=3, 0),
which are called the Bessel-, bulk-, Airy- and exponential regions, respectively.
Here, « could be any sufficiently small positive constant. To be definite we choose
once and for all,

1

k=15 (4.2)
The results of this section are corollaries of Ref. 23, where the asymptotic
behavior of orthogonal polynomials of Laguerre type has been derived. For the
convenience of the reader we summarize the relevant results from Ref. 23 in
Sec. 4.1. After some auxiliary considerations in Sec. 4.2 we then derive the
asymptotic description for ¢, in Sec. 4.3 (Lemma 4.8) and for ¥, (» = 1,2) in

Sec. 4.4 (Lemmas 4.9-4.12).

4.1. Relevant Results from Ref. 23

In order to describe the asymptotics of the functions é&n and 1}, (r=1,2)on
R we first introduce the sequence of Mhaskar—Rakhmanov—Saff numbers, which
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we denote by B,,. For V' as in (1.6), these numbers are uniquely determined for 7
sufficiently large by the equation, cf. (Ref. 23, (2.1))

1 Bn
— | v —
2m 0 ,Bn —X

dx =n, 4.3)

and they have a convergent power series expansion of the form, cf. (Ref. 23,
Proposition 3.4)

yn S gop—tm g0 _ (1 o 12/ -1
n = n " n=Hm, = zmgmAn , Am = .
B kZ:%ﬁ B (2 q ) J]:[l %

(4.4)
Next, we introduce the equilibrium measure w, on [0, 0o0) in the presence of the
rescaled external field V,(x) = %V(ﬂnx). This measure is absolutely continuous

with respect to Lebesgue measure and its density w, is given by, cf. (Ref. 23,
Proposition 3.12)

d

Un 1 [1—x
= —.—h, , 4.5
dx () o M (*)x0.11 (4.5)

where 4, (x) = ZZ:ol h,.4x* is a real polynomial of degree m — 1, and satisfies

1 J—
/ S5 sy ds = 2. (4.6)
0 S

The coefficients 4, ; can be expanded to any order in powers of n~!/" . In particular,

wu(x) =

toany orderqg = 1,2, ..., as n — 0o, we have uniformly for x in compact sets
q
ha(x) = h(x) + D hgo(e)n ™™ 4+ O@m=@+Dim), (4.7)
k=1

where £ is given by (2.34), cf. (Ref. 23, Proposition 3.9 and Remark 3.10). Fur-
thermore, there exists a constant ¢ > 0 such that 4,(x) > h for all n sufficiently
large and x € [0, 00), cf. [Ref. 23, Proposition 3.9].

Let f, and £, be the biholomorpic maps (near 1 and 0, resp.) as defined in
(Ref. 23, Remark 3.20) and (Ref. 23, Remark 3.26), respectively. These maps are
of the form

fu0) = en®Px — 1) fux),  and  fa(x) = —unx f,(x),  (4.8)
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where fn and ;Fn are real analytic near 1 and 0, respectively, satisfying for n
sufficiently large, cf. (Ref. 23, Remarks 3.20 and 3.26)

|fuz) = 1] < Clz—1|, for|z— 1| small, (4.9)

17,z) = 1] < Clz|, for |z| small, (4.10)

for some constant C > 0. The numbers ¢, and ¢, are given by, cf. (Ref. 23,
Remarks 3.20, 3.26 and 2.2)

1 2/3 00
e = (zhnm)) =D OO = am)”, (@.11)
k=0
(1 2 [ee) Im 2
g, = —hn(0)> =Y &m0 = ( ) . (4.12)
2 prd 2m — 1

Further, we will need the conformal map ¢ from C \ [0, 1] onto the exterior
of the unit circle, cf. (Ref. 23, (2.11))

@(z) =2(z — 1/2) + 222z — D'/2,  forz € C\ [0, 1].

For notational convenience, we also introduce for z € C\ ((—oo, 0] U
[1, 00))and j = 1, 2, the scalar functions, cf. (Ref. 23, (5.3) and (5.13))

n(z) = %(a =+ 1)arccos(2z — 1), (4.13)

T
gi(z) =n;z) — T (4.14)

Here and below, the + sign in £ holds for n; whereas the — sign holds for 7,. The
function arccos z is defined as the inverse function of cosz : {0 < Rez < 7} —
C\ (=00, —=11U[1, 00)). Further, introduce for j = 1, 2,

Fn,,(x)=—%ﬁx,/$hn(s)ds+n,(x)—%, forx € [0, 1]. (4.15)

Throughout the rest of this paper we denote F, ; by F, for brevity.

Theorem 4.1. (Ref. 23, Theorem 2.4)  The functions bn (%) = /Bndu(Bnx) have
the following asymptotic behavior on the positive real line as n — 00. There exists
8 > 0 (sufficiently small) such that:
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(1) Uniformly for x € (0, &],

V2= fule)'
XA —x)I/4

+ €05 £1(x)Jy (= fu () )1 + O(1/n))]. (4.16)
(i) Uniformly for x € [6,1 — §],

~ 2 cos F,(x) 1
%u)zJ;ﬂ“U—xW4+O<mﬁﬂl—mW>’ “.17)

where F, = F, | is defined by (4.15).
(iii) Uniformly for x € [1 — 6§, 1+ 6],

Bux) = (1)’ [5in &1 (¥)Je (= fu () 2)(1 +O(1 /)

- 2 . 4
Gn(x) = xl—a |:cos ni(x) % Ai(f,(0))(1 4+ O(1/n))
sinn(x) | fu(x) -1/4 ,
T U012 |x -1 Ai'(f,(0)(1+ 01 /n)) |. (4.18)

(iv) Uniformly for x € [1 + 8, 00],

. 1 (x)s@tD [ [s—1
¢n(x):mx1/4(x_l)l/4 28Y _5/1 Thn(s)ds:|(1+0(1/n))

(4.19)

Remark 4.2. Note that the functions 7; are only analytic in C\ ((—oo, 0] U
[1, 00)). However, since 7,y = —n; - on (1, 00) the functions cosn;(z) and
(S;"_”Zf)(i; are analytic near 1. Furthermore, the reader can verify that these func-

tions have the following behavior near 1,

cos 712(r) = 1+ O(x — 1),

sin 7 (x)

A—x)2 (@£ D)+ 0x—1), asx — 1, (4.20)

and using the fact that ¢(z) = €'~ for z € C, one can verify that for
x > 1,

1
cos M 2(x) = 5 (9002 + ()72, (4.21)

sinnya(x)

1
A-—x)12 " 2/x -1 (

P(x)2@ED — g(x)2@ED), (4.22)
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For later reference we observe that

C12(2) = j:% — (@£ D)z'2(1 +0(z)), asz— 0. (4.23)

In order to obtain the asymptotics of the functions ¥, (+ = 1, 2), see (4.1),
we write them in terms of the RH problem for orthogonal polynomials due to
Fokas, Its and Kitaev.) Let Y be the solution of the RH problem for orthogonal
polynomials associated to the weight x*e~") on [0, c0),

( ipe LC(paw)(z)
o= (—2niyyn1pn1(z) —zmyynlC(pnlw)(z))’ forz € CA[D. 00).

where y, > 0 is the leading coefficient of p,(z), p,(z) = yuz" + - - -. Define a
2 x 2 matrix valued function U by

—(n+%)o3

UG) = 6, Y(Ba2)2",  forz e C\ [0, c0),

where o3 = ((1) _01) is the third Pauli matrix, cf. (Ref. 23, (3.14)). Using Egs.
(2.11), (2.9), (2.10), together with the defining relation for the rescaled external
field V,(x) = %V(,an), it is straightforward to verify that

J —1/2 o 1
()70 2w Qi

n 2 1 0 VT o1a\” . N « 1,
— ; _ 2 — 3 o3 Va(x)
=77 (0 %> ( P ) U@0)" " Ux) (0)x e .

The constant matrix U(0)~! has been determined in (Ref. 23, Remark 5.5). Insert-
ing this information and the defining relation

o 4,
Bn®, (4.24)

1 &in%et
d, (o)

into the previous equation, we obtain

DN _ a2 N L (1—a —i@+ 1)
(o) =rizm Uy e (e 79)

X2 R(0) e~ 2" U (x) <(1)> xiem 1), (4.25)

where R is the result of the series of transformations ¥ + U +— T+ S+ R in
the Deift—Zhou steepest-descent analysis of the RH problem for Y, see (Ref. 23,
Sec. 3), and where ¢, is the Lagrange multiplier given in (Ref. 23, Proposition
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3.12). The first column of U has been determined in (Ref. 23, Sec. 5), and in the

next theorem we summarize its description on R .

Theorem 4.3.  The first column of U has the following description on R,

(i) [Ref 23, (5.14)] For x € (0, 8],
o 1 | _ ~n 1/4

—wos [ SINGI(X) cos 1(x) Ja2(= fu(x)'7?)
X R(x)2 <—i sin{(x) —icos gz(x)> (JQ(Z(—f;(x))‘/z) .

(4.26)
(i) /[Ref. 23,(5.6)] For x € [8,1 — &],
Ux) 1 x % e2Vn®) g 2ntaos —1 R(x)27%"
0/~ XA —x)I/A
cos F, 1(x)
x (—i cos F,,,z(x)> ’ (4.27)

where F, ; is defined by (4.15).
(iii) [Ref. 23,(5.9)] Forx € [1 — 46,1+ 4],
JT

Ux) (é) — el S piyypen

cos ) —GER [ £00 [ /AL
X . sinny(x) x—1 <A1,(fn(x))> '

—icosm(x) i o)
(4.28)

(iv) [Ref. 23,(5.4), see also (3.41) and (2.8)] For x € [1 4§, 00],

1 _ = Larx) ln@n(fs;
U(x) (0) =Xx 2e2 e? 2x1/4(x — 1)1/4

J(e+) * g —1
X R(x)2~%% (—(?((px(l)ﬂa—”) exp (—g /1 ,/STh,,(s) ds).

(4.29)
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4.2. Auxiliary Results

In order to determine the asymptotics of the functions é,,, 1@1 and 1&2 on the
positive real line we will make use of the following auxiliary results.

Proposition 4.4. Let j = 1, 2. The following matching formulae hold.

(1) Uniformly for x € [%n’l, 8], as n — oo,

(= Fu o) T8I0 ¢ (0) S (= Fu(x)'/?) + €08 ¢ (0) S (= fu ()]

(_ ) (cos F, j(x) + T,(x) sin F, ;(x)) + O(1/n), (4.30)
N
with t,(x) = W and with F, ; given by (4.15).

(i) Uniformly forx € [1 — 6,1 — %n“’%], asn — 0o,
€05 ()| fu ()AL (f () = sinn; (0] o (07 EAT (fu(x))

1 1
= ﬁ cos Fn,_,-(x)+(9< - )3/2) (4.31)

(iii) Uniformly for x € [1+ 1n*=5, 1+ 8], asn — oo,

1 5o
N <_%f1 1/SThn(s)arS>

[ AL (f(x)) = 5

x(1+0(n™3)), (432)
and
[ )AL (f(x) = (——f J— h (s)ds)
x(1+ O(n—%K)). (4.33)

Proof: (i) From (4.8) and the fact that ¢, and f » are positive, we have

2(— f(x)? = iz_l)iEiOZf:,(z)l/z, for x € (0, 8].
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Using in addition [Ref. 23, (2.10) and (2.8)], (4.6), (4.15) and the fact that n; =
¢ + 5 we arrive at,

2T = %fo s = g/] V=S hwds

=—F,;(x)+¢i(x)+ ? — % +mn, forx €(0,8].

By [Ref. 1, (9.2.5), (9.2.9) and (9.2.10)] this implies, uniformly for x € [%n‘l, 4],

asn — 00,
VA F@) e (=T )
= cos (2<—fn(x))”2 -5 - %) -

g

- R U B AL
T,(x) sin (2( Sn(x)) > 4> +

()
= (-1 [— SIN(F,, () = §() + 74(x) cos(F;(x) = &) + 0(% ,
(4.34)
and similarly by [Ref. 1, (9.2.11), (9.2.15) and (9.2.16)],
V(= L) AT (= Fu))' )

4o’ +3
16(— f(x))'/2

1
sin(Fy,, j(x) — ¢;(x)) + O <m>}

=" |:COS(Fn,j(x) — &)+

=1 |:COS(Fn,j(x) = §;(x)) + Tu(x) sin(Fy, ;(x) — ¢;(x)) + O (—)} .
(4.35)
Together with the fact that cos {;(x) = O(/x) as x — 0, which follows from

(4.23), this yields (4.30). X
(i1) From (4.8) and the fact that ¢, and f, are positive, we have

2 2
(= £ =i lim Zf,(2)%,  forx e[1—38,1).
3 z—>x+i0 3
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From [Ref. 23, (2.9) and (2.8)] and (4.15) we then obtain,

2 n (Y [1—s
Sen@® == [ s

= F, j(x) = n;(x) + %, forx € [1 —4,1).

This implies by [Ref. 1, (10.4.60)], uniformly for x € [1 — 3,1 — %n"’%], as
n— oo,

1 2 1
@I AL ) = = sin (5(—fn<x>)3/2 + %) +0 (m)

1
= ﬁ COS(F,,,J'(X) — nj(X)) + O (
and similarly by [Ref. 1, (10.4.62)],

1
= _x)3/2) . (4.36)

. L. 1
|Gl AAL () = T S 0 = () + O (m) ~

(4.37)

After a straightforward calculation we obtain (4.31).
(iii) From [Ref. 23, (2.9) and (2.8)] we have

2 L P
T = _gf S h(s)ds, forx e (1,1+35].
X S

Using in addition [Ref. 1, (10.4.59) and (10.4.61)] it is simple to check that the
last part of the Proposition is also satisfied. m|

Proposition 4.5.  For every L > 0 we have as n — oo,

Ja (2= Fu0N'?) = Ju (221 /%)

Om®x Yy, uniformly for x € (0, Ln=?], 438
Om'?x3%),  uniformly for x € [n=%,2n7'], .
JL(2(= fu(xe)'/?) = J (28} n/x)
Om*'x5+3),  uniformly for x € (0, Ln~2],
( ) iformly f ( ] (4.39)
On'2x3/%), uniformly for x € [n=%,2n7"].
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Proof: Note that
(— [N = 5,1/211«/;(1 + O(x)), uniformly for x € (0,2n~'],as n — oo.

Since sup,,¢o,¢; [y=@=DJ’ ()| < oo forany C > 0, it is then simple to check that,
Ja 2= Fu@)'?) = Ju (22,0 /x)
1
= (2= fu(x))'7? = 28)2n/x) / T, (1= 02(= fu(x)) 242t} *n/x) dt
0

— (f)(nozx%-‘rl)7

uniformly for x € (0, Ln2], as n — oo. The determination of the error term in

[n~2,2n'] is analogous using SUP,e(.o0) |v/Vu (V)| < 0o forany C > 0.
Similarly, ~using the facts sup ¢y ly @ ?J)(¥) <oo and

SUP ¢ [C.00) |v/P o (V)| < 00 forany C > 0, one proves (4.39). d

Corollary 4.6. For every L > 0 we have as n — 00,

5 O(n®x 1), uniformly for x € (0, Ln=?%],
Ty = T @40
O(m~="2x=V*),  uniformly for x € [n=2,2n"].

, N O(n”‘_'x%_%), uniformly for x € (0, Ln=?%],
Jl2=LuD Py = o, 44D
O(m=12x=V%),  uniformly for x € [n=2,2n""].

Proof: This follows from the facts

sup [y~ “Ju(»)] < o0, sup )Iﬁfa(y)l < 00,
elC,00

y€[0,C] yel
sup [y @V <00, sup VIO < oo
y€[0,C] ye[C,00)
for any C > 0. |

Proposition 4.7.  Uniformly for x € [1 — 2n’(‘§, 1+ 2n"_§], asn — 09,

L) [t U4 1/6 Az 0. 23 —1242

— Ai (f(x)) = 0O Ai (c,n®P(x — 1))+ O™ *T59),  (4.42)
—1/4

f”fxf Ai(f(x)) = O(n™ /6435, (4.43)
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Proof: Note thatasn — oo
Fo@) = ean®P(x = 1)(1 + O@*~3)), (4.44)
uniformly for x € [1 —2n°~3, 1+ 2n“"3]. Together with |Ai'(§)| < C(1 +
|€])!/* for & € R and C some positive constant, one can then verify that
Ai(fu(x)) — Ai(c,n*P(x — 1))
1
= (fo(x) — can*P(x — 1))[ AL'((1 = ) f(x) + tean®P(x — 1)) dt
0

= O(n~2/3+ix), (4.45)

Equation (4.42) now follows from this equation together with (4.44) and the fact
that the Airy function is bounded on the real line.

From (4.44) and from the fact that |Ai’(§)] < C(1 + |&])"/* we have
Al'(fu(x)) = O(n%’(). Together with (4.44) this proves Eq. (4.43). |

4.3. Asymptotic Behavior of ¢,

The asymptotic behavior of $, on the positive real line is now given by the
following Lemma.

Lemma 4.8. The functions q@n (x) = /Budn(Bux) have the following asymptotic
behavior on the positive real line, as n — 0.

(1) Bessel region: For every L > 0,
. O(m®*ix%), uniformly for x € (0, Ln=2],
hy=1 , T (446
O(x~14), uniformly for x € [n=7,2n7"].

(i1) Bulk region:

n 2 cos F,(x) 1
Pnlx) = \/;xl/”'(l —x)l/4 +0 (nx3/4(1 — x)7/4) > (447)

uniformly for x € [%,171’ 1 — %n’“%]_
(i) Airy region:

Bu(x) = V24 n VO Ai (e, (x — 1) + O(n~V/0H5%), (4.48)

uniformly for x € [1 =215, 14 2n* 3],
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(iv) Exponential region: there exists a constant ¢ > 0 such that,

Pn(x) = O(e_"(x_l)”z/}), uniformly for x € [1 + %n’(‘g, 00).
(4.49)

Proof: (i) Using Eq. (4.16), Corollary 4.6 and the facts that (— f,(x))"/* =
On'?x'*) asn — oo, and cos £;(x) = O(x'/?) as x — 0, we obtain (4.46).
(ii) By (4.34) and (4.35),

(=N (= 1) = O, (= [T 2= Fux) ) = O(1),

as n — oo, uniformly for x € [%n”, 8]. From (4.16), (4.30), and the estimate
T,(x) = (’)(#;), we then obtain,

(—1)y'V2

+ (= /@) cos 61 (x) Iy 2(= fu(x)'?) + O(1/n)]

2 1 1
-2 TR =T [ Fu(x) +0 (7)] ’ (40

as n — oo, uniformly for x € [%n’l, 8], where we recall that that F, | = F),.
Further, from (4.36) and (4.37), we have

$n(x) = [(— /) sin £1(0) Ja (= £2(x)'7?)

| @A (fu) = O), | /)7 AAT (£, () = OD),

as n — oo, uniformly for x € [1 —§,1 — n’(*g]. By (4.18) and (4.31) we then
obtain

V2

$u(x) = X1 — )i/ |: cos 71 (x)] £ () V* AL (f,(x))

= sinm @101 AT (£ 6) + O(ﬁ)}

2 1 1
= \/;x—l/‘*(l i |:cos F,(x)+ O (—n(l — x)3/2):| , (4.51)

as n — oo, uniformly for x e [1 —§,1 — n"*%]. Equations (4.17), (4.50) and
(4.51) then yield (4.47).
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(iii) Now, we prove the third part of the Proposition. From Egs. (4.18) and
(4.20) it follows readily that,

1/4

AL ()1 + On<3))

bty = V3| 11
x—1

—1/4

AL +O0nT)),  (4.52)

V2 +1) xf”—ixi

as n — oo, uniformly for x € [1 — 23 1+ 2n"’%]. Using Proposition 4.7
and the fact that the Airy function is bounded on the real line, we then arrive at
Eq. (4.48).

(iv) Finally, (4.18), (4.19), (4.21), (4.22) and Proposition 4.4(iii) lead to,

. 1 g(x)2@th n * [s—1 3
Pu(x) = T A — D) exp |:_5/1. N Thn(s)ds:| (14 0(®n™2)),

— exp [—g /1 ,/Ss;lhn(s)ds] O(x 15— i%),

2
3

, 00). Since there exists /#y > 0 such

that 4,(s) > ho > 0 for n sufficiently large, and as \/LE < \/L} for s € [1, x], one

as n — oo, uniformly for x € [1 + %n"’

then proves that

exp [_’%/lx,/s : 1h,,(s)ds:| =0 <exp [—?,/X ; e - I)D

2/3

— O(e~ct=Dn) (4.53)

for some ¢ > 0. Inserting this relation into the previous equation it is straightfor-
ward to verify that the last part of the Lemma is satisfied, with a different choice
of c. |

4.4. Asymptotic Behavior of ¥,

R The Bessel Region. Here, we will determine the asymptotics of ¥ and
Y, in the Bessel region (0, n~'] using Eq. (4.25). Inserting (4.26) into (4.25), and
using the fact that 299 R(0)"' R(x)27%% = [ 4+ O(x/n), cf. [Ref. 23, Theorem
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3.32], as n — oo, uniformly for x € (0, §], we obtain

(vjfz(x)) _ A2 ( i ) @) 41 + O /m)
2

Y1 (x) x(1 — x)/4x1/4 ¢

y <1—a —i(a+1))< sing(x)  cosy(x) ) Ja (=)'
1 i —ising(x)  —icos&(x) JLQ2(= fue)7?)

(4.54)

asn — oo, uniformly for x € (0, §]. Now, since sin {1(x) = 1 + O(x), sin {(x) =

—1 4+ O(x), cos1(x) = (¢ + D/x(1 + O(x)), and cos & (x) = (1 — a)/x(1 +
O(x)), as x — 0 (which follows from (4.23)) we have

<l —a —i(a+ 1))( sin £q(x) cos ¢1(x) )

1 i —ising(x)  —icosgr(x)
=[2] + O(x)] <0 \/—) asx — 0.

Inserting this relation into (4.54) and using the fact that

(_f:t(x))l/4 — g4,

(A x)layts = G (I+0x)),

we then arrive at

@) _aa( 51 a2 fy(x)"?)
(he)=a* (% 1) @mriv+om < T f)') |
(4.55)
as n — oo, uniformly for x € (0, n'].
Now, we split the Bessel region (0, n~'] up into the intervals (0, n ~2] and

[n~2,n~'], and we determine the asymptotics of lﬂl and 1//2 in each of these two
intervals From Corollary 4.6 and Eq. (4.55) we have,

(&2@))—51/4 2 1(c 2)-i03 J(2( SNV + O(nx %)
dney) T \le ) JLQ2(= fu(x)?) + O(n*x %) | °

3
2

72
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as n — oo, uniformly for x € (0, n~2]. Further, from Proposition 4.5 and the fact

that J;,(z) = —Ja11(2) + £ Ju(2), we then obtain
(‘l:’z(x)>
Yi(x)
¢ ] n2L Q2820 %) + O 2 x %)
-5 —Ei/i';”z Jur1 Q80 JX) + $n121 12820 x) + Ot ix%) )

as n — oo, uniformly for x € (0, n~2]. This gives the asymptotics in the interval
(0, n=2]. The derivation in the other interval, i.e. [n~2, n~'], is analogous and we
obtain the following result.

Lemma4.9. Asn — oo,

~1/2’11/2

%ur:‘ﬂﬁ Jas1(22)*n /)

O 2x2),  uniformly for x € (0,n=2], (4.56)
O(x~1/%), uniformly for x € [n=%,n7']. '

R ~1/24 ~l/2n1/2

() = T Q2 nR) — P e (2210 R)
Om**+2x%12),  uniformly for x € (0, n=2], 4.57)
O(x~1/%), uniformly for x € [n=%,n7']. '

The Airy Region. Inserting (4.28) into (4.25) and using 2% R(0)~!
R(x)27%% = I 4+ O(1/n) we obtain

<@uv 1y ‘”(%
Yi(x) xx /4 \—%

)wm%i“u+oam»

D= | —

y (1 —a —i(a+ 1)) cos 11 (x) fi“'l‘fii Su@) [F
1 i —i cos na(x) (S;“ ”;)(553 x—1
(Al (fn(x)))
Ai'(fu(x))

(4.58)



Universality for Orthogonal and Symplectic Laguerre-Type Ensembles 1009

as n — oo, uniformly for x € [1 — §, 1 + 8]. From Eq. (4.20) and Proposition 4.7

we then obtain

Y1 (x) $
l—a —i(le+1) I —(x+1)
“\ 1 i i i —1)
5 <Ai (fn(x))>
Ai'(fu(x))
= (=1y'n"'2 (_%g }) @n?) "3 (L + O )
2

() =coma (5, 1) @ty + 0w
2

1
193

Ju(x)

x—1

O(n71/6+%/()

1 —a

as n — oo, uniformly for x €[l — n<Ti 1+ n"’%], which implies after a

straightforward calculation,

(1/}2()‘7)> — (_1)n % 1
Yi(x) -5 1

O(n—5/6)

(an,,)l/4n1/6Ai (cnn2/3(x —1))+ 0(,171/6%;() .
We now have proved the following Lemma.
Lemma 4.10. Letr =1o0r2. Asn — oo,
Ur(x) = (=1 (en&) /0O AT 0™ (x = 1) + O™/, (4.59)

uniformly for x € [1 — n=3, 1 +n"’§].
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The Bulk Region. From Egs. (4.54) and (4.30), (4.58) and (4.31), (4.25)
and (4.27), we obtain

o)) _ (2 FRE WP
(,/}l(x))—m M %(Cnn) (I + O(x/n))

4
» (1 —a —i(a_+ 1)>
1 i

cos Fy 1(x) + 1 (x) sin F, 1 (x) + O(1/n)
. uniformly forx € [1n71, 5],

—i(cos Fy2(x) + t,(x) sin F,, 2(x)) + O(1/n)

x 1
cos Fy1(x) + O <4n(1 —x)pn _ _—
, uniformly forx € [§,1 — 5175 ].

) 1
—icos Fa(x)+ O (m>
By (4.15)
L0 = 2 Faa()) = cos (2m) — 2ma(x)
Cos 2 n,1(X ) n,2(X = COS 2)’)1)6 2772)(
1
= cos (5 arccos(2x — 1)) = X,

and hence
08 Fy 1(x) + cos F, 2(x) = 2+4/x cos G, (x),

sin F,, 1(x) + sin F,, »(x) = 24/x sin G, (x),
with G,(x) = 1F, 1(x) + 1 F, »(x). Using the fact that 7,(x) = O(ﬁ; uniformly

forx € [4n~!, 8], as n — oo, we obtain

)\ (=)'n? @\ -
<@1}1(X)>_ﬁx(1—x)1/4x1/4 —e (Cpn”)

o(1)
x (ﬁcos G,(x)+ O(W)) ’

uniformly for x € [%n_l, 1 - %n’(’%], as n — o0o. We then arrive at the following

result.

Lemmad4.11. Letr = 1o0r2. Asn — oo, uniformly for x € [%n_l, 1— %n"’%],

1

_qyal
( ) ¢ COS Gn(X) + O (m) N (460)

r(x) = JTx A1 — x)l/A
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e 1
Go(x) = —%/1 ,/Tshn(s)ds + s arccos(2x — 1) - %. (4.61)

The Exponential Region. As in the proof of Lemma 4.8(iv) we obtain
from (4.25), (4.28), (4.29), Proposition 4.4(iii) and (4.53), the following result.

with

Lemma 4.12. Letr = 1 or 2. There exists a constant ¢ > 0 such that

¥ (x) = O(e =T, (4.62)

2/3

as n — oo, uniformly for x € [1 + nts, 00).

5. ASYMPTOTICS OF THE MATRIX B

We determine the asymptotics of the matrix B by following and occasionally
streamlining the path first developed in [Ref. 7, Sec. 4.2].
The following representations of the entries of B are straightforward to verify.

1 oo n oo n
0000 = VBB 5 [ B [y

- /O 3,(5) / . B, ) dy dx] 5.1)
1 o0 n o0 n
(e, ¢p) =/ lgpﬁnl:zfo ¢p(x)dx/0 Y (x)dx
- /0 8, (0) f ) Iifr(y)dydx}, (5.2)
1 oo n o0 n
(v, ) = ﬁn[i /0 Jr(x)dx /0 Ja(x) dx

- / Jax) / () dy dx], (5.3)
0 X

with p, ¢ € N and r € {1, 2}, and where ¢, and v, are defined in (4.1). Thus,
in order to obtain the asymptotic behavior of the matrix B we need to determine
the asymptotic behavior of the single and double integrals appearing in these
three equations which will be done in Sec. 5.1 and 5.2 respectively. As noted at
the beginning of Sec. 4 we do this by splitting (0, 0o) into four regions (0, n7'],
[n7', 1 — 51, [1 = n*=35, 1+ n*"3]and[1 + n*~3, 00), withk = 5 fixed, and
integrate separately over each of these four regions. In the final and brief Sec. 5.3
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we summarize our results in such a way that the asymptotic result for the matrix
B stated in Lemma 2.6 is apparent.

5.1. The Single Integrals

We start with the following three auxiliary Propositions, which will also be
used to determine the asymptotic behavior of the double integrals.

Proposition 5.1.  The first and second derivatives of F,, and G, defined in (4.15)
and (4.61), satisfy,

1 2 172 |
Z;,(x) - _h,,(x) n(l —x)1/2 |:1 +0 (n(l——x)>:| , (5.4)

Y S _
z0=0 () o Gas) e

as n — oo, uniformly for x € (0, 1), where Z € {F, G}.

Proof: We will prove the result for F},. The result for G, then also follows since
G, equals F, with o replaced by o — 1. The first derivative of F, can be explicitly
determined from the definition (4.15),

1 _ 2 x1/2 1 a+1
Fjx)  ha(x)n(1—x)12 ( k()1 —x)+ o+ 1) '

Since h,(x) > hy > 0 for n sufficiently large, x € [0, c0), see Sec. 4.1 under
(4.7), we have |nh,(x)(1 —x)+ o + 1| > nho(1 — x) for all n sufficiently large,
x € (0, 1), which proves (5.4). Similarly, it follows from

n

" _
Fy(x) = (1 —x)1/2

1, 1 1 1 —2x
(—Ehn(x)x(l —x)+ Zhn(x) + Z(“ + Dm)

that (5.5) is satisfied as well. |
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Proposition 5.2. As n — oo, uniformly forx € [n~', 1 — %n"’%],

1 s
Fewd —m 00 (56)
1 s
G A —o = 00T, (57)
: e 1 5.8
(F,;(x)xl/“(l —x)1/4> - (m) (5.8)
1 ! 1
(G;,(x)x3/4(1 _ x)l/4> =0 (m) . (5.9

Proof: Equations (5.6) and (5.7) follow from (5.4) and from the fact that 4, (x) >
ho > 0 for n sufficiently large, x € [0, oo). Further, since

1 /
(F,é(X)xl/“(l —x)l/“)

1 1 1
- _ F// —1/4 1 — —-1/4 _ = —5/4 1 — —5/4 1=2 ,
R (o)x= (1 —x) 2 —F’:(x)x (I —x)7"(1 = 2x)
Equation (5.8) follows from Egs. (5.4) and (5.5). The proof of the last equation of
the Proposition is similar. m|

Proposition 5.3.  Asn — oo, uniformly fora,b € [n™', 1 — %n“’g],
/b cos F,(y)
a YA =)l

b cos G,.(y)
« YY1 =yl

dy = O(n~V*i), (5.10)

dy = O(n~V>i%), (5.11)
Proof: This is immediate after integrating by parts and using
Proposition 5.2. g

We now have the necessary ingredients to determine the asymptotic behavior
of the single integrals.

5.1.1. Integrals Involving ¢,

Proposition 5.4. Asn — oo,
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(1) Bessel, bulk and exponential region: there exists a constant ¢ > 0 such
that,

/X}qgn(y)’ dy = Om=*),  uniformly for x € (0,n7'], (5.12)
0

/ bn(y)dy = @(n_l/z_%"), uniformly forx e [n~', 1 — n"’%],
n*l
(5.13)

/ |<£n(y)| dy = O(e™"), uniformly for x € [1 + n<=3, Q).
(5.14)

(ii) Airy region:

/1 2 ¢3,,(y)dy = Om™'?),  uniformly for x € [1 — n<s, H—n"_%],
k=3

—n

(5.15)

2
14173
/ . G dy = N2¢, 3 072+ O(n~1/23r)y, (5.16)
1-n*"3

Proof: (i) Equation (5.12) is immediate from (4.46), Eq. (5.13) follows from
(4.47) and (5.10), and Eq. (5.14) follows from (4.49).
(ii) From the asymptotic behavior (4.48) of ¢, in the Airy region we obtain,

2
cpn 3 (x—1)

/ , $u)dy = Ve, n 12 / Ai () du + O(n=5/+3),
1

—n<73 —cyn®

(5.17)

as n — oo, uniformly for x € [1 —n*~3, 1+ n*~3]. Since [ Ai(«)du is uni-
formly bounded for a,b € R, see e.g. [Ref. 1, (10.4.82) and (10.4.83)], this
yields (5.15). Next, note that [°° Ai(r)dt =1, [ Ai(t)dt = O(y~*/*) and
fyoo Ai(t)dt = O(e™?) as y — oo for some ¢ > 0, see again [Ref. 1, (10.4.82)
and (10.4.83)], implying

K

/" Ai(u)du = 1 + O ).

—c,n¥

Together with (5.17) this proves the remaining statement (5.16) of the
Proposition. O
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Lemma 5.5. There exists 0 < t = t(m, ) < 1 such that

* . _ L -7 —1/2
/O ¢n(y)dy—<ﬂ+0(n ))n , asn— 00, (5.18)

b
/ bu(0)dy = O~ %), asn — oo, uniformly for a, b € [0, 00].  (5.19)

Proof: The Lemma is immediate from the previous Proposition together with
the fact that ¢, = 2m)*? + O(m~"")as n — oo, see (4.11). ]

5.1.2. Integrals Involving v,

Proposition 5.6. Letr € {1,2}. Asn — oo,

(1) Bulk and exponential region: there exists a constant ¢ > 0 such that,

/ b () dy = O™ V>59),  uniformly for x € [n~!, 1 — n*~3],
(5.20)

/ |1/},(y)| dy = O(e™"), uniformly for x € [1 + n<s, o]
(5.21)

(ii) Bessel region:

fx lﬂr(y)dy =Om™"?),  uniformly for x € (0,n~"], (5.22)
0

/" Y () dy = (=1yn™ "2 + O™, (5.23)
0
(iii) Airy region:

/“ , U, () dy = O~ %), uniformly for x € [1 — n<=i 1 +n"’§],
1-n*"3
(5.24)

14n*73
/ T () dy = (=12 e, =12 4 O™, (5.25)
-

_2
—_n*3

Proof: (i) Equation (5.20) is immediate from (4.60) and (5.11), and Eq. (5.21)
follows from (4.62).
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(i1) From the asymptotic behavior (4.56) of 1@1 in the Bessel region we obtain,

x o 28 nx
f 1) dy = —n~12 / Jeni(@)dt + O, (5.26)
0 0

as n — oo, uniformly for x € (0, n~']. From [Ref. 1, (9.2.1) and (11.4.17)] we
learn that [~ Jo11(t)dt =1 andf Jeg1()dt = O(y~1?)as y — oo. Together
with (5.26) this yields (5.22) as Well as (5.23) for the case r = 1. The case r =2
can be proven similarly using the asymptotic behavior (4.57) of V¥ in the Bessel
region together with the previous facts about Bessel integrals as well as the fact
Jo 7 (1) dt = 1/a, see [Ref. 1, (11.4.16)].

(iii) Finally, the proof of the last part of the Proposition is analogous to the
proof of Proposition 5.4(ii) using the asymptotic behavior (4.59) of ¥, in the Airy
region. |

Lemma 5.7. Letr € {1,2}. There exists 0 < © = t(m, o) < 1 such that,

/ U (x)dx = (( 1)y + «/(Z_ll + O(n_f)) , asn— oo, (5.27)

/ U, (x)dx = O(n~"?),  asn — oo uniformly for a, b € [0, a]. (5.28)

Proof: The Lemma is immediate from the previous Proposition together with

the factsthatc, = (2m)*> + O(n~"")and &, = (231—”11)2 +Om~Y™yasn — oo,

see (4.11) and (4.12). |

5.2. The Double Integrals

The goal of this subsection is to determine the asymptotic behaviour of the
double integrals appearing in (5.1)—(5.3). Following” we decompose the range
of integration R of the outer integral into two regions, namely into the bulk
region which is essentially given by (n !, 1 — n"‘%) and its complement. We first
determine the contribution from the region outside the bulk in Sec. 5.2.1. As in Ref.
7 a more subtle argument is needed to determine the leading order asymptotics in
the oscillatory bulk region in Sec. 5.2.2. An important ingredient in the argument
is Proposition 5.13 which provides a surprisingly simple description of the phase
deviations of orthogonal polynomials with different degrees in the oscillatory
region. Such a formula was first presented in [Ref. 7, Lemma 4.7]. The formula
follows from a special property of the equilibrium measure stated in Proposition
5.12 (see [Ref. 7, Lemma 4.8] for the corresponding property in the Hermite case).
Our results on the double integrals are summarized in Sec. 5.2.3.
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5.2.1. The Double Integrals Outside the Bulk

We start with the following technical Propositions.

Proposition 5.8. Let p=n+i and g =n + j with i, j some fixed integers.

Then,
1 p—
Bo 14 LPZ9 L pp1-1my gsn o oo, (5.29)
By m.q
In particular, g—” =1+01/n)asn — oo.

Proof: The proof is similar to the proof of [Ref. 7, Lemma 4.4]. Recall from
(4.4) that B, = Y 72, Buyn /™. Since p=¢ —q=¢ = O(n~'7¢) as n — oo (for
¢ > 0) we then obtain,

m
Bp — Bq = ﬁ(*l)(pl/m _ ql/m) + Z,B(k)(p_k/m _ q—k/m) + O(n_l_l/m)
k=1

— ﬁ(fl)(pl/m _ql/m)+0(n_l_]/n1).

This implies,
ﬂp ﬂp - ,Bq |:p1/m - ql/m -2 1
2= = +O0n ) [ (1+0m ™)
Pq Bq g ( )
p—q 1/m 5
- (1 " T) —14+0@™7n) [(1+0m™™).
The Proposition now follows by expanding the 1/m-th power at 1. O

Proposition5.9. Let p =n+iandq = n + j withi, j some fixed integers and
define for u € R,

2/3
_ P cqq”” Bp
Upg = Cgq — - 1> + —=—u. (5.30)
P ! <:3q cpp2/3 :Bq
Then,
cpp” ¢qq" 5
2/ Ai(u) Ai(v)dvdu =14+ 0Om™ %), asn— oco. (5.31)
—cpp* Upq

Proof: As in the previous Proposition one can verify that & = 1 4+ O(n~'~"/")
»

asn — 00. By (5.29) we thenobtainu,, , = u + O(n~'*) + Oun=')asn — oc.
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Together with the boundedness (on the real line) of the Airy function, this yields

cqq’( cqq”
/ Ai(v)dv = / Ai(v)dv + O~ 3 + O@n™").
up.q u
Then, since |Ai(¢)] < C(1 + |¢[)~"/* and |tAi(¢)] < C|t|*/* fort e Rand C > 0
some constant, we obtain,

cpp” cqq"
2/ Ai (u) Ai(v)dvdu
—cpp* Up,

cpp* cqq" -
=2/ Ai(u)/ Ai(v)dvdu + O(n~311%)

«
cppP
«

2 2
cqq" 9 1,3
= (/ Ai (v)dv) - </ Ai (v)dv) + O(n 3135,
7C[)pk cpp¥

P

Since the Airy function is bounded on the real line we have

K

/qu Ai(v)dv = O* ),

A
As in the proof of Proposition 5.4(ii) we obtain

K

qu
/ Ai(v)dv = 1 + O(n~3%).

cpp*

This proves the Proposition. i

Proposition 5.10. Asn — oo,

n

28 ) 28, 1 i
J,(u) Jyr1(v)dvdu = 3 +Om™ 79, (5.32)
0 u

n

282 /n 282 /n 1
/ Ja+1(u)/ o1 (V) dvdu = 3+ On~4. (5.33)
0 u

Proof: Integrating by parts and using J,(0)=0 for o >0 and
Jo Ja)Jai1(u)du = 1/2, see e.g. [Ref. 1, (11.4.42)], we obtain

1/2

28/ n 28/ /n 28,
[ v [ daedvan= [ datodu
0 u 0

l o0
_ 1 / T s (u)du. (5.34)
2 Jwlrym
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From [Ref. 1, (9.2.1)] we have J, () Jys1 (1) = — 22T 1 O@u~2)asu — oo.
Integrating by parts one can verify that

/°° cosQu — o)
2

du =0Om1?), asn— oo,
a2 Tu

so that also

f L ) Jeqr (w)du = Om™?), asn — oo.
2 1/2

Cn n

Inserting these estimates into (5.34) the proof of the first part of the Proposition
follows. Next,
1/2

282 /n 26y 1 282 /n
/ Jun (@) / S dvdu = 3 / e (v) .
0 u 0

Since [, Jor1(u)du =1 and [° Jyi1(u)du = O(x~"/?) as x — oo, see Proof
of Proposition 5.6(ii), this yields (5.33), and the Proposition is proven. O

Now, we have the necessary ingredients to determine the asymptotic behavior
of the double integrals in (5.1)—(5.3), except for the part of the outer integral which
lies in the bulk.

Proposition 5.11. Let p =n+i and g =n + j with i, j some fixed integers
and letr € {1, 2}. There exists 0 < t = t(m, @) < 1 such that as n — 09,

| [, du0)ayax
Ry

—1

1 1-p75 oo
=—n"' +/ ¢,,(x)/ﬁp ¢y (Mdydx + O(n~'77), (5.35)
p XE

[ e / °° 3 ()dydx

—

ey e [ hw [ iy + 00—
= aam ¢p(x)/x§5wr(y)yx+ (),

(5.36)

1)
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and

o o (3 =y 1 B
/0 Wz(x)/x w1<y>dydx—(—§+ —zm_ﬁizm—l)”

1—n*"3 1)
+ / Ja() / 1) dydx + O~ ),

(5.37)

Proof: From (5.12), (5.14) and (5.19) one concludes,

lfpk%

| dw [, daras = [T a0 [, by
X p! xﬁ

1+pK7% R 00 .
[ b [, b0y + 06,

2
—p3

(5.38)

For notational convenience we denote the second double integral on the right hand
side of (5.38) by J. From Egs. (5.14) and (5.19), and from the asymptotic behavior
(4.48) of ¢, in the Airy region, we have

1+p"’% R I4+¢"73 .
s= [ hw [, B+ 0E )

2
_pK 3

+ 3 l+qk7%

A= [T i+ 06

1
= ﬁc;,/4pé/

I-p

—

Bp
Bq

Using Proposition 5.8 one can verify that xg—" el - 2q"*%, 1+ 2q’(*%] for n
q
large enough, so that, from (4.48) and from the fact that the Airy function is
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bounded on the real line,

2
1+p73

J =2 )t [ Aitepier - 1)

1-p“73

I4+¢"73
X /ﬁ Ai (cqq%(y — 1)) dydx + (’)(if%*%")
e
Pq

(cpcg) wrt “t _ayo
== 2/ Ai(u) Ai(v)dvdu | + O(m~373%),  (5.39)
(pCI) / 7cl,p" Upg

with u,, , defined by (5.30). Proposition 5.9 and (4.11) yield (5.35). The proof of
(5.36) is analogous.

It now remains to prove (5.37). Note that as in the proof of (5.35) and (5.36),
the reader can verify that

473 oo 1 R
f . ) / iGdydx = 58,%¢,” ™t + O™,
1 B x

—n*73

Further, from Proposition 5.6 one has,

f " Jatrydx / T o)y = (1 e i 4 O,
0 n-!

The previous two equations together with (5.21) yield

[e.¢] n oo n 1 1
[ [T inavar = (1yete e ) Lroa
0 n

=

+ / II"K Jal) f )y + /0 " / " hodyds. (540)

For notational convenience let us denote the last double integral of this equation
again by J. Changing the order of integration, using the asymptotic behavior of
Y in the Bessel region given by (4.56), and using (5.28), we obtain

Wi

= "o / " o) dxdy

n! 5111/2,11/2 Vo 1
- Jur (28 5) [y dxdy + 06,
0 JY 0

Changing back the order of integration, using the asymptotic behavior (4.57) of
Y, in the Bessel region, and using the fact that fab Jy+1(u)du is uniformly bounded
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fora, b € [0, co], we arrive at

2l i 1
n12 / Jax) / Jun (v)dvdx + O~
282 n/x

28,7 o 28, yn 1
— / (22 o) + () / Junr(v)dv du + O(n~1b),
0 u u
(5.41)

Since % Jo(u) = J (1) + Jot1(u), see e.g. [Ref. 1, (9.1.27)], we then have from
Proposition 5.7,

J = —Zn_l/
0
282 /n 282 /n
1
n”/ Ja+1(u)/ o1 (V) dvdu + O(n~'77)
0 u

- —%n*l +Om™79). (5.42)

2~I/2 20,],/ Jn
L) / T (v)dv du

Inserting this into (5.40) and using (4.11) and (4.12) the Proposition is now
proven. |

5.2.2. The Double Integrals in the Bulk

Here we will determine the asymptotic behavior (as # — 00) of the following
three double integrals which appear in Proposition 5.11,

m
o

-2 1-p75 o
5= / By() / bavar. s=[ " g s,
= P A

-1

and

1-n""3 0o
s= [ e [ iy,
with p =n +i and ¢ = n 4 j for some fixed integers i, j, and with » € {1, 2}.
In order to determine the asymptotics we proceed as in the derivation of the
asymptotics of the double integral J3 under Eq. (4.120) in Ref. 7. We will need
the following auxiliary results.
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Proposition 5.12.  The scalar function

0(x) = % /0 V : ;Sh(s)ds, Jorx €10, 1], (5.43)

satisfies the following differential equation,

0(x) — %xe’(x) — m = —arccos(2x — 1). (5.44)

Proof: The proof is similar to the proof of [Ref. 7, Lemma 4.8]. We will need
the first and second derivative of 6. From (5.43) we have

0'(x) = %(1 — ) 2x V2 p(x), (5.45)

0"(x) = —%(1 — x)"2x 32 (h(x) — 2x(1 — x)h'(x)). (5.46)

Now, we will obtain a convenient expression for 6” by deriving a differential equa-

tion for 4, cf. [Ref. 7, Proposition 6.2]. Since A(x) = 2:"1—@1 2Fi(1,1—m,3/2 —

m, x), it satisfies the following hypergeometric equation (see [Ref. 1, (15.5.1)]),

x(1 —x)h"(x) + (( —m+ %) +(m — 3)x) A (x)+(m — Dh(x) =0,

which in turn implies that
d /
%(X(l —x)h'(x) —[(m —1/2) — (m — 1)x)]h(x)) = 0.
Therefore, the function inside the outer brackets is a constant, which can be

determined by letting x — 1. We then obtain the following differential equation
for h,

x(1 = x)h'(x) = [(m — 1/2) — (m — Dx)]h(x) = —%h(l) = —2m. (5.47)
Inserting (5.47) into (5.46) we obtain
0"(x) = —%(1 —x)"V2x732@m — 2(m — 1)(1 — x)h(x)),

which implies, together with (5.45), that

75 (o0 = o) = DT 1y
dx m m
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Therefore,

O(x) — %x@’(x) m — arccos(2x — 1), (5.48)

_ / Y
o Vy(—=y)
and the Proposition is proven. i

Proposition 5.13. Let p =n+i and g = n + j for some fixed integers i, j.
Uniformly for x € (0,1 — p*=%3], as n — oo,

F, <x§—p) — F,(x) = —(p — q)arccos(2x — 1) + O(n_ﬁ). (5.49)
q

Proof: The proof of this Proposition is similar to the proof of [Ref. 7, Lemma
4.7]. We write the left hand side of (5.49) as,

B B

F, (x—” — Fy(x)= | Fy(x=2 ) — F,(x) | + [F,(x) — Fp(x)], (5.50)
,Bq ﬂq

and we treat each of the terms inside the brackets separately. First, there exists a

number &, , between x and x g—: such that,

F, <xﬂ—”> — Fy(x) = xF,(x) (ﬁ—f” — 1) + lszg(sn,x) (’3—” — 1)2. (5.51)
Bq Bq 2 Bq
From (5.4), from the fact that 4, (x) = h(x) + O(n~'/™), and from (5.45) we have
XF)(x) = —qx6'(x) + O(n' ™"y + Om**7).
Further, from (5.5) and from the fact that &, , = x(1 + O(1/n)), we obtain,
KF) () = O*7725).

Inserting these two equations into (5.51) and using Proposition 5.8 we arrive at

F, G%) —F,(x)=—(p— q)%xe/(x) +O0m™ Y™y Om 3. (5.52)
q

Next, we determine the asymptotic behavior of the second term in (5.50). Note
that by (4.15) and (4.6),

* 1= 1
Fy(x) = p — Ef J—h(s)ds + = (o + 1) arccos(2x — 1) — =,
2 ), Vs 2 4

which implies that

L~ /1-
Fi) = Fyp) =g = pre £ 5 [ 0,0) = gy ds.
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Now,

Php(s) = qhy(s) = (p = Dh(s) + Y_ hys)(p' ™" —q" ")+ O™

= (p — Qh(s) +O(m~"™), asn — oo,
uniformly for s € [0, 1], so that
Fy(x) = Fp(x) = (p — ¢)(O(x) = 7) + O(n~"'™). (5.53)
Inserting Eqs. (5.52) and (5.53) into Eq. (5.50), the relation (5.49) follows from

the previous Proposition. i

Asymptotics of J;. We start with the asymptotic behavior of the double
integral J;. From Eqs. (5.13) and (5.19), and from the asymptotic behavior (4.47)
of ¢, in the bulk region, we obtain

1—q"*~ . s
n= / By) / By dy dx + O H)

12775 cos Fy(x) -5 ey
[/ x1/4(1—;)1/4/ G () dydx +O(n~1"3). (5.54)

Observe that xf,—: ellg ' 1-1¢5]ifxelp ', 1—p3] and n is suffi-

ciently large. By changing the order of integration and using (5.10) we derive the
estimate

2 2

=773 cos Fy(x) 1=¢"3 1 .
1A _ /4 O Y VT d d = O 717?’( 3
/;,1 x1/4(] — x)1/4 /);Z <qy3/4(1 _ y)7/4> yax (I’l )

(5.55)

2
3

w\m

N

The asymptotic behavior of ng in the bulk region, given by (4.47), together with
(5.54) and (5.55), leads to

-2 -2
2/1_p T cos Fy(x) /l T cos Fy(y) dydx+(9(n71;'{)
P

Ji=— . XAl — x)1/A e YA — p)i/a
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Integrating by parts the inner integral of this expression and using (5.8) we obtain

S =05 cos F(x) sin F (x ’;—:) .
1__;/},1 x4l —x)l/4 F’( )( ﬂp)l/4(1_x%)l/4 x

o

n 2 /IPK3 cos F,(x) d sin F,(y)
- x
VAL =) F oy /40 = )4 -2
y=1-g
5 oS F (x) 1 1
p— p —
- / X141 —X)I/“/ O<qy3/4(1—y)7/4> Ay dx
+ O,
From Egs. (5.6), (5.10) and (5.55), we then have
_2 p
; /‘1 P 7 cos Fy(x) sin £ (x ﬂl) i
=1 /41 — )1/4 Bor( Po\1/4 AN X
7y PP () (e ) (- x )
+O(n175), (5.56)

Now we will determine a convenient expression for the integrand. Note that,
for some &, . between x and x I‘z—”,
q

-1
1 1 F/'(¢.x) (B )
= 1 i L1
) F;(x)[ TR (ﬂq ]

q

Since &, , = x(1 4+ O(1/n)), one has by Propositions 5.11 and 5.8

FE) ( By ) ( i )
(B ) zo(——),
TR® <ﬂq n(1l =)

so that by (5.4),

1 1 1
= 1+0 ———
R ) B) T (1 = )T Fg(x>x1/4<1—x>l/4[ +0(575))]

By By
x4 1
= gh (0 2P [1 O <n(1 —x))] ‘
(5.57)
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Inserting this expression into Eq. (5.56) we arrive at,

Bq

2 /-1 »3 2cos F (x)smF( ﬁ”)

— _1_,
Ji = Zha (=) dx 4+ O(n “9
~ Hsin (Fy (e §) — o)
"ﬂ/ w<ma—x) '
2 1 p'(*% i ( ﬁp) + F (X)) 3
= O —l-3k
+nﬁl qh@ﬂ—) der O
=J]+ ]+ (07, (5.58)

It remains to determine the asymptotic behavior of J| and J{’. Using partial
integration and using calculations similar to those used in proving (5.8) we can
show that

J = O™,

From Proposition 5.13 and from 1/h,(x) = 1/h(x) + O(n="/™), see (4.7), we
have uniformly for x € (0, 1 — p*~3],

hqlm (F( ﬁ) Folx )> SN — ) arecos2x — DI+O ),

h(x)
so that
2
-7 gin((p — _
J = _E/ sin((p — g) arccos(2x — 1)) dx + 0(11717%"‘ log ),
T Jp qgh(x)(1 —x)
In conclusion we have shown that that there exists 0 < t < 1 such thatasn — oo,

Ji=—l(p—qn™' + 06", (5.59)
with / given by (2.32).
Asymptotics of J,. Next, we determine the asymptotics of J,. From Egs.

(5.13) and (5.28), and from the asymptotic behavior of q3 » in the bulk region given
by (4.47), we have,

l—pK% 1—-n*"3
b=/ @m/ () dy dx + O~ 3)

2
3

-4 cos Fp(x) =3 13
\/7/ x1/A(1 —x)1/4/ U () dy dx + O(n~'75%),
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By changing the order of integration and using Eq. (5.10) we obtain the analog of
Eq. (5.55),

2 2
1=r"3 cos Fo(x) 1=n""3 1 3.
/pl X1 — )T / ° <ny5/4<1 - y>7/4) Ay dx = O
(5.60)
Using the asymptotic behavior (4.60) of @@, in the bulk region we then obtain,
2
3

K k-2
(=1yata e cos F(x) /1—"3 cos G, () dydx

Jy=—n e —_—
2 RS XA — x)i/A VIA(L — pyi7a
+ O™
L1yl
Ve 5L omin, (5.61)

V2

Here we have introduced the notation J, for notational convenience. Integrating
the inner integral of J, by parts, and using (5.9) we have,

2 .
3 2 /l_p P cos Fy(x) SlnGn(%x)
2= 1301 — v\1/4 B B, ~3/4 B, \1/4
w0 G () (1 - B
2 3 cos F,(x) sin G,(»)
= X
7 AAQ = A GO — )| s
2
2 3 cos F, (x) 1=n""3 1
e /p XA — )l f O(nyﬁ/‘*(l - y>7/4> v
+ O(nfl’%").

From (5.7), (5.10) and (5.60) we arrive at,
lp’% inG ﬂ_p
pt e ot
2= /41 — V4 (Br By \3/4 B, \1/4 n :
7o XA =) (Bex) (Bex) (1 = Bx)

n

As in (5.57) we are led to

1 _ -2 1+0 1
Gy (Zex)(ex) (1 = By nhn<x)x1/4(1—x)3/4[ - <n(1—x))]
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which yields

3

dx + (’)(n_l_z")

5 193 2c0s Fy(x)sin G, (‘Z—”x)
Jp = -
: /p nhy (X)X /2(1 — x)

11 g (’3—’ ) — Fp(x))
dx
a nh 2()x12(1 = x)

p-

1% sin (G, (2ex) + F,
N E/ =73 sin ( ( x) 4 Fp(x))
» nhn(x)xl/z(l —X)

dxO + (n17i%)

= J+ J) + O~ '3).

As before one can show that fz” = O(n~'~2¥). We will now determine the asymp-
totic behavior of J;. Note that by Proposition 5.13,

G, (%x) —F,(x)=F, (%x) Fp(x) — arccos <2%x - l)
: x12
=F, (ﬁn ) Fp(x)— arccos(2x 1)+O<m>
= —<p—n+ %) arccos(2x — 1)+ O(n "), (5.62)

so that uniformly for x € (0, 1 — ""]

hntx) sin <Gn (%x) - Fp(x)> =- % sin ((p —n+ %) arccos(2x — 1))

+C’)(n_ﬁ).

Therefore,

J=-= d ~1=35i logn).
2 . nh(e)x 21— x) x+0(n ogn)

T
Using (4.12) we then have shown that there exists 0 < 7 < 1 such thatasn — oo,

=—(=1)" / 1(p-n+1)n—1 +0O0m 17, (5.63)

with I given by (2.33).

N ) /‘1—17”§ sin((p —n+ %) arccos(2x — 1))
p

Asymptotics of J;. Finally, we will determine the asymptotic behavior of
the double integral J5. From Egs. (5.20) and (5.28), and from the asymptotic
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behavior of }ng in the bulk region, given by (4.60), we have,

l—n“% 1—n
Jy= / Jax) / () dy dx + O3

-1
_2
3

2
_ (—l)ngrll/4 =173 0 Go(x) 1—n ) e
T~ ) BRa—x0A ), () dy dx + O(n~"73).

Now, by changing the order of integration, using the asymptotic behavior (4.60)
of v, in the bulk region, and using Eq. (5.11), we arrive at

—1yet it G, 3
J3=% y I/fl(y)/ ;:’(Sl (x))md dy + O(n~171%)

. Ei/z 1=n"" cos G, () /‘y cos G,(x)
T o el y3/4(1 _y)1/4 4 x3/4(1 _x)1/4

dx dy + O(n~'73%).

Integrating by parts the inner integral and using (5.9) we then obtain,

172 -3
&/ /1-" T 008 G, (p) sin Gu(y)
n—l

Jy = ——
T G,y (1 =y
2
&> [ cos Gu(y) sin G (x)
). VA — p)i/A y G;l(x)x3/4(1 —x)l/4 R
S1/2 alep 3
n Gn g 1
; _CosGu() / O(—t—Vdxdy
T n-! y3/4(1 _,)’)1/4 n=! nx5/4(1 _x)7/4
+ O™,

From (5.7), (5.11) and from the fact that

1-nd cos G,(») Y 1 13,
/ V(T — )/ / © (nx5/4(1 = x)”“) dxdy = On+),

which follows from changing the order of integration together with Eq. (5.11), we
then obtain,

/2 a3 .
&l $in2G,(»)
= d @) “. 5.64
5= / GO — i YO 669
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Integrating by parts once more we have,

S1/2 o3 /
J Cn f cos(2G,(»)) < 1 ) dy

T2 L GO - ) G0y — )7

2

1-n*73
& c0s(2G,(»)) ( : >2 + (717
- — y n .

4n UG o= )|
Using (5.7) and (5.9) we finally arrive at,
Js=Om "), asn — oo. (5.65)

5.2.3. The Result

Lemma5.14. Letp =n+iandq = n+ jwithi, j some fixed integers and let
r € {1,2}. There exists 0 < t = t(m, @) < 1 such that as n — 00,

[o¢] n [0} n 1 n 1
[} b [, Bunavax= (5 ~ f0 -0+ 00) 1. (5.66)
R o, , m 1 0\ 1
/ ¢p<x>/xgpwr(y>dydx=<—1> Jar—t (1 -+ D+ 00m) 1.
(5.67)
and
o o (3 =y 1 A\ 1
[ [ nravar = (<3 + et g O )) -
(5.68)

Proof: The Lemma is immediate from Proposition 5.11 and from Egs. (5.59),
(5.63) and (5.65). a

5.3. Asymptotics of the Matrix B

Letp =n+iandg = n + j withi, j some fixed integers and let» € {1, 2}.
From Egs. (5.1)—(5.3), from Lemmas 5.5, 5.7 and 5.14, and from Proposition 5.8,



1032 Deift et al.

it is immediate that there exists 0 < t < 1 such that as n — o0, n even,

ey, 0 = "G (0 — )+ O, (5.69)

(evr, dp) = br (‘/2m I(p—n+1)+ (2} +(’)(n")>, (5.70)

) 1 _
(e, ¥n) = i (1 R i + O(n f)). (5.71)

These equations prove Lemma 2.6.

6. PROOF OF THE MAIN RESULTS

Based on the results of the previous sections we will now prove our main
results stated in the Introduction to this paper. Recall that the strategy of the proofs
was outlined in Remark 2.16. We will treat the different spectral regions (bulk,
hard and soft edge) each in a seperate subsection. Full proofs are provided for the
hard edge which has no analogue in the Hermite case. For the soft edge and the
bulk we do not repeat arguments already presented in Refs. 7, 8.

6.1. The Hard Edge of the Spectrum

Proof of Theorem 1.1(i): This result for § = 2 has been proven by one of the
authors in [Ref. 23, Theorem 2.8(c)], see also Proposition 6.1 below. ]

In order to prove Theorem 1.1 for 8 = 1, 4 we proceed as in the proof of [Ref.
8, Theorem 1.1]. We need the following six auxiliary propositions (Propositions
6.1-6.6).

Proposition 6.1. Letk, j € N. Asn — oo, uniformly for &, n in bounded subsets
of (0, 00),

It 1 o+ S—kps=i
—gkan,[ K (8™, *”’)} seray Ko n)+0(§+). ©6.1)
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Proof: For the sake of brevity, we introduce the following notation,

2y = 2(—fulza )2, (6.2)

Zy =

zZ
4¢,n2’

Xl,n(z) = Z_a/zént]olz(gn), XI(Z) = Z—a/ZZI/ZJO/l(Zl/Z), )zl,n = Xi.n — X1
6.3)

Xon(@) =270y Z), x0(@) =270 ), Row = xom — x2. (6.4)

With this notation we obtain from [Ref. 23, (6.1), (6.4) and (6.5)]

« _af1 ~
72 (EKn (E™,7™) = Ky, n))

n

_ 1 xea()) 1 x2(8)
—2(g_n)(Xl,n(n) x2.0(1)) (—xl,n(s)> 2(E_n)(xl(n) x2()) <—X1(S)>

1 . -1 XZ,n(%_)
+ —27_”,(%_ ) (7”)(1,11(77) X2,n(n)) (Ln (1) Ln(&n) — 1) (_niXI,n(é;-)>
_ <)21,n(77) - Xln(é) )22,n(’7) - )%2,71(”;:)) ( X2,n(é:) )
26 —-n) 2(6 —n) —x1.1(8)
4 <X1(77) = x1)  xa(m)— Xz(f)) < )?%,n(é) )
2(6 —n) 2(§ —n) —x1.1(8)
1 . 1 XZ,n(E)
+ P n)(le,n(U) x2.0(m) (L, () Ln(E)—1) <—7Tl'X1,n(§)> ,
(6.5)

where L, is the 2 x 2 matrix valued function defined in [Ref. 23, Lemma 6.1]. We
will now denote the first term of the right hand side of Eq. (6.5) by H, (&, n), the
second term by H, »(&, 1), and the third term by H, 3(£, n).

Observe that it is sufficient to show that the following estimates hold as
n — oo, uniformly for &,  in bounded subsets of (0, co),

ok+J .
kg miEom) = O(1/n), i=1,2,3. (6.6)

Since z7*J,(z) is even and entire [Ref. 1, (9.1.10)] it follows that x; and x, are
also entire. Further, from the form (4.8) of f, we have that x; ,(z) and x2.,(z)
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(and hence also X1, and %, ,) are analytic for z in compact subsets of C and n
sufficiently large, and that %, ,(z) = xi..(z) — xi(z) = O(1/n?), for i = 1,2, as
n — o0, uniformly for z in compact subsets of C. Using the above properties we
observe fori = 1,2 and £;, £, € N that all derivatives

3t (&) — xi(n)
dghan  E—n

remain bounded for &, n in compact subsets of C,

(6.7)
and that,
aZlJrlz Al' n - Ai n
dELignt: X (ES) _ ; ) =0(1/n%, (6.8)
A 5t
@th(g) = O(1/n?), WXi,n(E) = O(1), (6.9)

as n — oo, uniformly for &,  in compact subsets of C. From (6.7)—(6.9) it now
follows that (6.6) holds fori = 1, 2.

As in the proof of [Ref. 23, Lemma 6.1] one can show, by writing
LY (0a)Ly(&,) — 1 as a contour integral, that

3€1+[2 L;l(nn)Ln(En) -1
d&t1ant E—n

=0(1/n),

as n — oo, uniformly for &, n in bounded subsets of (0, 0o). This together with
(6.9) then proves (6.6) for i = 3, as well. Hence, the Proposition is proven. O

Proposition 6.2. Asn — oo, uniformly for &, n in bounded subsets of (0, 00),

§ 1 § %—%Jrln%
fo ﬁKn(E("),ﬁ(”))ds =/0 KJ(S,n)dS-l-O( - ) (6.10)
nq n 5
/ E1<,1(§<">,ﬁ<”>)als=/ K (s, n)ds+(9<n7). (6.11)
& n 3

Proof: This is immediate from Proposition 6.1. O
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Proposition 6.3.  There exists 0 < © = t(m, o) < 1 such that as (even) n — oo,

e®(+00) = \/g[?a—e—i—(’)(n_f)} (6.12)

£Dy(+00) = @[T ate+ (’)(n"):| (6.13)

where a and e are m-dimensional row vectors given by,

a=(1,....1,/—" ), e=(,...,0,1). (6.14)
2m —1

Proof: Fixj € Zandletr = 1, 2. From Lemma 5.5 and Proposition 5.8 we have

*© <. n+j 1 _
fo Gt j(x)dx = \/,Bn+j/0 Gnrj(x)dx = 2 ack (ﬁ + O(n r))

n+j
Bn .
- (—_ +On ))

and from Lemma 5.7 we have for n even,

o0 _ oo _ & 1 e .
/O I/fr(x)dx—/;?nfo wr(x)dX—\/:<—m+( 1)+ O(n )),

for some 0 < 7 < 1. Since e ®,(400) = % f0°° @, (x)dx this proves the Proposi-
tion. m|

Proposition 6.4. Uniformly for & in bounded subsets of (0, 00), as n — 00

%q)l(g(m):_%ﬁ[ a?(gf) +0( )} 615

%cpz(é(@) = —%\/7[( “*\‘/(g*/_) - 2—‘”‘J (f)) -e+(9<$72>] (6.16)

n
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Proof: The Proposition follows from Eqs. (4.56) and (4.57), and from the fact
that for every j € Z,

n /3 § B
v_¢n+1 (S( )) 4~ <:3n+j 4Cn >

n n? 18”*]
B s (& B o B
T4 By, " \4gn? By, nonl
In the last equality we have used (4.46). O

Proposition 6.5. Uniformly for &, n in bounded subsets of (0, 00), as n — o0

" Bl [V n:t!
/ D(s)ds = —,/ — / Ja+1(s)ds~e+(9< ) , (6.17)
0 n1Jo n
i M pvm 2 §+1
/ Oo(s)ds = — | P2 / <Ja+1(s)——aJa(s)> ds~e+(9(n2 )}
0 n 0 N n
(6.18)
ﬁ‘”’ Bl [V I
/ Pi(s)ds = —| — / le(s)ds-e—i—(’)(—) . (6.19)
é(n) n L JVE n
Proof: This is immediate from Proposition 6.4. i

Proposition 6.6. There exists 0 < v = t(m, «) < 1 such that, uniformly for n
in bounded subsets of (0, 00), as n — o0, n even,

/n D(s)ds — e D (400)+eDy(+00)= Bu [/ Jus1(s)ds - e+(9(nf):| ,
0 n Ji

/ ' Dy (5) ds — eDy(+00) + £D1(+00) (6.20)
0

Bu [/Oo (Ja+](s) - 2—aJo,(s)> ds e+ (’)(n_’)j| . (6.21)
n 7 S
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Proof: This follows from Eqgs. (6.17) and (6.18), from Proposition 6.3, and from
the facts that [~ Ju41(s)ds = 1and [;° € Jo(s)ds = 1,see [Ref. 1, (11.4.16) and
(11.4.17)]. O

Now we have the necessary ingredients to prove Theorem 1.1 for the cases
=14

Proof of Theorem 1.1(ii): The (1, 1)- and (2, 2)-entry: By (1.11), (1.10) and
(2.51), we have

2 ) 2 - 1 N
STRELE )], = 51 )

n

1 N 1 . 7](”) f](”)
= =K, (EW, 7)== 02 (E™) Ap1 | ®i(s)'ds — —‘132(5("))(;11 Dy(s) ds.
Vﬁ v2 0 0

n

The asymptotics of the first term of the right hand side of the latter equation have
been determined in part (i) of the theorem. From (6.16), (6.17), and the facts that
edy e = —%% (which follows from Eq. (2.19)) and 4, = (9([31“) (see Lemma
2.5), we obtain

1 . ﬁ(”)
— @, (E") 4y D (s)' ds
1)2 0

n

e I

Vi natl
X / JaH(s)ds-e’—i-O( )
0 n

g 2 F=1y5+1
:‘Z< “jgf)——“.f(f))/ aﬂ(s)dsw(éT”).

From (6.16), (6.18), and the facts that eG e’ = 0 (which follows from the skew
symmetry of G, see Lemma 2.10) and G| = (9(%) (see Corollary 2.13), we
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have

1 f](n)

;q)z(é("))Gn/O ®y(s) ds

7+l
~[osi-ero(£)) 2 [ou-e +o (1))

We conclude that
2 W) (E(n) =(n)
E[KgA E™. 7],
n

1 ; 2
= K, n)+Z< “jgf ) _ 2, e )) / Juna(s)ds

“ips
+O<§ 7 ) (6.22)

n

The (1, 2)-entry: Again by (2.51) we have,

0
< R >( \Y) = ——K (X, ) 4+ P2(x) 421 P1(¥) + P2(x)G 11 P2(y)'.

As for the (1, 1)- and (2, 2)-entry, we obtain from Propositions 6.1 and 6.4,

2 ) (B ~ 1
2IRIE 1], = (-

n

9
dy

Ss 4> (™, 50)

d 1 1 1
[ <_2Kn (g(”) ~("))>+ ¢2(§("))A21<1>1( (n)) +— (Dz(f(n))Gllq’z(ﬂ(n))t
on \v; n n

9 1 (Jo1(VE) 2a )Jaﬂ(m (E§1n§‘>

—— K- [ -, SAELSTAL NG Y (A

5 J@n)g( T V) T ;
(6.23)
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The (2, 1)-entry: Using relation (£Sz 4)(x, y) = f(f Sz 4(s, y)ds of Proposition
2.1, we obtain from (2.51),

X X y
(eS2.4)(x, ) =/ K,(s,y)ds —/0 <I>2(s)dsA21f ®(s)ds
0

x y
—/ q)z(S)dSGll / @2(s)tds,
0

(6.24)
0

Therefore, we obtain from (6.10), (6.17) and (6.18) in the same way as before,

SIKEIE )], = 5,9 E . 3)
n

Lk g s o A
S KaG®, i")ds— | ®y(s)ds Ax
0 Yy 0 0

®(s)ds
£ i
- / (Dz(S) dSGll / CI>2(s)tds
0 0

3 NG
- / K5 n)ds + » / (Ja+1(s>—2—°‘Ja(s>) ds
0 2 Jo s
V1 Snt
x/ ! Jr(s)ds + (9(é 1 )
0 n

(6.25)
This concludes the proof of the second part of the Theorem.

Proof of Theorem 1.1(iii):

THE (1, 1)- AND (2, 2)-ENTRY: Using ¢®;(4-00) =
O( %):8@2(4—00) (see Proposition 6.3), Ay, = O(ﬂi) (see Lemma 2.5),

C{zl = O(1) (see Corollary 2.12) and (6.15), we obtain the following estimate
for the last term in (2.53)

n

— @1 (E™) 41255 [0 e® ) (+00) + O(n eda(+00) ] = OEEn™)

By (1.11), (1.9), (2.53), Proposition 6.1, Eq. (6.15), and Proposition 6.6. we then
derive in the same way as before (note that also G is skew symmetric, see Lemma
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2.8(ii), and that also e4 e’ = _%L)

1 ) (2 3 1 N )
ﬁ[Ki,L)(é(n)v n(n))]” — ES”'I (E(n)’ n(n))

n

1 .
— EKn (S("), ;}(n))

n

0
— %cpl(é("))A12 (/n ®y(s) ds — eDy(400) + eq>1(+oo)’)
n 0
1 () A 7 t t t
_ ;@1(%' )G“ /(; Di(s) ds — eD(400) + eDy(+00)
+O0@En)

. 1 Jop1(VE) [ 2a -
=K;(&,n)— ZT /ﬁ (Ja+1(S) - TJD’(S)) ds +O(E>n™").
(6.26)

THE (1, 2)-ENTRY: Equation (2.53) gives

<_ai n,1) (x,y)= —iKn(x’ ¥)+ P 1(X)An®P2(r) + P1(x)G 1 P1(v).
y dy

As before we then obtain from Propositions 6.1 and 6.4,

1 V) (=) ~(n 1 8Sn, S ~(n
i, =5 (-5 @)
O (1 e <o) ! o sz VI S
= g (K1) + 50 ) A0 e E) 0 (37)
9 1 Jus1(VE) (Ja+1(ﬁ) 20 ) (§§n§—1>
= ey - 0 .
A -y 7 I/ ) + L
(6.27)

THE (2, 1)-ENTRY: As for the (1, 1)-entry we first derive
(n)

f " ®1(5)ds AnCyy [0 )ed i (+00) + O )eda(+00) ] = O,
§

using (6.19) instead of (6.15). With (&S,,1)(x, y) = — fxy Su.1(s, y) ds (see Propo-
sition 2.1) we obtain from (2.53), (6.11), (6.19) and Proposition 6.6, in the same
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way as before,
1 Vn) (E(n) ~(n g(n) ~n 1
SIEED )], = €8,0E™. 7) — Ssen — )

1
= —/ —an(g(n), ﬁ("))ds
£ Vv

n

(n)

7o 7o
+ ﬁ <I>1(s) ds Ay (/ CDz(S)tdS - €q32(+00)t + 8q)1(+00)t>
§ 0

ﬁ(")

. ﬁ(n)
+ / ®(s)ds Gy (/ ®1(s)'ds — e®(+00) + sd>2(+oo)’>
Em 0

1
~ Zsen(E —n)+ O
" 1 (v o 2
__ /S Ky, mds + 5 fﬁ Junn(s)ds /ﬁ (Ja+1(s) - ?“Jam) ds
1
— Esgn(é —n)+O0m™"). (6.28)

This completes the proof of Theorem 1.1. |

Proof of Corollary 1.2(b):
The case B = 2. This result can already be found in Ref. 23, see also.!? Nev-
ertheless we follow [Ref. 8, Sec 2.2] and present a somewhat different argument
which is also useful for orthogonal and symplectic ensembles.

Using the representation of gap probabilities by Fredholm determinants, we
have the following expression for the distribution of the smallest eigenvalue A, (M),

s .
P> <)»1(M) < F) =1 —det (1 - Kn,2|L2((0,s])) , (6.29)
n
where I%mz denotes the integral operator with kernel

R 1 o
K.»(&,n) = _2[(n (%-(n), n(n)).
vn
We now prove that (6.29) converges to 1 — det (1 — K|720.s]))- As the trace class
determinant is continuous with respect to the trace class norm it suffices to prove
that

An = Ien.z — KJ
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converges to zero in trace class norm when considered as an integral operator on
L?((0, s]). Denoting H, := H, 1 + H,, + H, 3 we obtain from (6.5), (6.6) that

k+j

Gy & =001 /m)

An(5,m) =50 Hy(§.m) and
for &, 1 in bounded subsets of (0, co). Following® we formally write A, as a
product of two integral operators

1 a . a
Ay =Fy- (E D+1) (D + DE=""n= Hy), (6.30)

where ¢ € R and D denotes differentiation. We may think of -~ + 7 as shorthand
for the integral operator

§
(5577)@= [ e ronan. (631)

Indeed, integration by parts then yields

D——I—I(f +f)=f forall f e C'(Ry)NCI0, 00)) with £(0)=0.

Thus decomposition (6.30) with the interpretation of (6.31) is valid whenever
5 +¢& > 0. F} and F; can then be written as integral operators with kernels

Fi(, ) =& " g,

o £ S4e—1 77%
Fz(fﬂl) $2+6 : 2(2+8+€+§ é,)Hn(éfn):O(T)’

uniformly for &, n € (0, s]. Assuming in addition that —°‘ <e< % we see that
F, and F, are both Hilbert—Schmidt operators on L?((0, s]) because their respec-
tive kernels lie in L2((0, s] x (0, s]). Moreover, || F3|| zs = O(1/n) which in turn
implies ||A,|l1 = O(1/n), where || - || gs denotes the Hilbert—-Schmidt norm and
| - Il denotes the trace norm for operators acting on L2((0, s]). This completes
the proof for unitary ensembles.

The case B = 4. A slight modification of the derivation in [Ref. 22, Sec. 8],
which is described in [Ref. 8, 2.2.3], provides the following representation for the
distribution of the smallest eigenvalue A (M),

S ~
IP%A <)\,1(M) < p) =1- \/det (I — K%,4|L2((0,s])2) s (6.32)

n

where K 1 4 denotes the integral operator with kernel

~ 8
Rs a6 ) = g@KLE™, ™))™, g@):(i 505)
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For the derivation of (6.32) one needs to ensure that both £7%,/w(&) and
55%,/11)(5) belong to L2((0, s]). These conditions are satisfied if | — o < 28 <
1 + «. From considerations which will become clear below we further re-
strict the choice of §. From now on we assume that § is a fixed number with
max(0, I_T"‘) <é< % Our goal is to prove that (6.32) converges as n — 00 (n
even) to

- \/ det (7 — g&KDE. Mg~ 1120.7) -

Using again the continuity of the trace class determinant with respect to trace
class norm it suffices to prove that each entry of

An(E, 1) —g($)< KYED 5 - K9, n))g(n)‘

converges to zero in trace class norm when considered as an integral operator
on L?((0, s]). As in Ref. 8 we split A, = A,(f) + AE,Z), where the first term refers
to the Christoffel-Darboux part and the latter corresponds to the correction term.
For example, for the 11-entry we have

1 -
2(60E ]y, = €17 | K 6. 0) - Koten|.

n

1 N f]{n)
2[APE ], =& |:_v_2q>2(€(n))1421/0 ®(s)'ds

n

1 . n(")
- ;‘bz(é:(n))Gn/ Dy (s)'ds
0

n

. “*1“)—2—‘5([) Jus(5)ds |
4( VE )/ }

Since0 < § < 2 one can prove the trace norm convergence [A( )]11 — 01 1n exactly
the same way as A,, — 0 was proven in the case 8 = 2. In order to treat [A,; )]11 we
first observe that the rank of this operator is bounded by m + 1 for all n. We may
therefore estimate the trace norm by the Hilbert—Schmidt norm (cf. [Ref. 8, (2.7)])

||[A§,2)]11 I < ~/m+ 1||[A£,2)]11 |l zs- The above proof of part (ii) of Theorem 1.1
(see (6.22) and above) shows

F—14+8,5-38

n

This implies ||[A£,2)]11 s = O(1/n), because both exponents 5 — 1 + § and § —
8 are larger than —% by the choice of §. This completes the proof that [A,]i;
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converges to zero in trace norm, and also proves the corresponding result for
[A,]22, because [A, ]2, is the adjoint of the operator [A,];; acting on L2((0, s]).

Applying the same method of proof to the 12-entry we obtain
[A”]Jz = gAﬁ,”]u + [Aﬁ,z)]lz where the correction part satisfies [Aﬁ,z’(s, Mz =
(’)(ETH‘;—”TIH) by (6.23) and 2[A§11)]12 = F} - F, can be written as a composition
of integral operators with kernels

Fi(§,n) = =& " 1),

« d
Fy(E,n) = g1 1patom 1<2+e+§+éas)(“+n%)m(§,n>

5%4—5—1”%4—5—1
(—

o 1

Choosing 1% < & < 5 we ensure that /i, F?, [Afﬁz)]lz are Hilbert—Schmidt with

I Fsllirs = O(1/n)and [[AP] 2]l s = O(1/n). As the rank of [AP'],5 is bounded
above by m + 1 we have proven the trace class convergence of [A,];, to 0.

a

Finally we turn to the 21-entry. From (6.25) we learn [A;Z)]zl =0 (E = n"z 8)
and 2[AV]2) = F, - F, with kernels

Fi(,n) =& 1),

«_g

F _ a L ey n?2
206, m) = (E2Hu(§, ) + | t2H,(t,n)dt |n2~° =0 .

n

The choice of § ensures that Fy, I, [Aff)]ﬂ are Hilbert—Schmidt with || F> || gs =
O(1/n), 1A L1l s = O(1/n) and rank of [A]1 < m + 1. This completes
the proof for the symplectic case.
8
The case p = 1. We choose max(0, I_T“) <é< % and g(§) = (50 595)

as above. Following [Ref. 22, Sec. 9], [Ref. 8, Sec. 2.2.3] we may express the
distribution of the smallest eigenvalue 1 (M) for even values of n by

s .
P (M(M) < E) =1 —\/detz (1 - Kn,1|L2((0,s])2)» (6.33)

n
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where

Fonen) = S5a@KL 7700
and the regularized 2-determinant det, is defined by dety(/ + 4)=
det (1 + A)e™ ) e An+42) for 2 x 2 block operators A = (A;;);, j=1,2 With 411,

Ay in trace class and A41,, A, Hilbert—Schmidt (cf. [Ref. 8, below Corollary 1.2],
(19)). Define

Au(E, 1) —g($)< K" (ED, 7MY — KW, n)) g

In order to prove the convergence of (6.33) to

=/ deta (1 = g@K &, Mgt~ 12(0.77);

it suffices to show that the diagonal blocks [A,]11, [A, ]2 converge to zero in trace
class and that the off-diagonals [A, ]2, [ A, ]21 converge to zero in Hilbert—Schmidt
norm. The convergence of the diagonal blocks is proven in exactly the same way
as in the case 8 = 4. For the off-diagonals we learn from Theorem 1.1(iii) that

445 L1+ —5,-8
s =0 () e =0 (),

The choice of § ensures ||[[A, ]i2llgzs = O(1/n) and ||[[A, 21|l ws = O(1/R), com-
pleting the proof for orthogonal ensembles. Statement (b) of Corollary 1.1 is now
established. ad

6.2. The Soft Edge of the Spectrum

The proof of Theorem 1.4 is similar to the proofs of Theorem 1.1 and [Ref.
8, Theorem 1.1]. Instead of the property e4, ¢’ = — % 2, which was used to prove
universality at the hard edge, we will need at the soft edge the following (quite
remarkable) fact.

Proposition 6.7. Let a be the m-dimensional row vector given by (6.14). As
n — 00,

adya’ =adpa = — ,3( +(9(n—1/'")) (6.34)
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Proof: Since A, = A5, see (2.14), we have ad, a’ = ad,a’. Further, from
Lemma 2.5 we have,

adya = _n (a¥Ya' + O(m~"™)), where Y = (% (l)) .
,Bn 2

Here, Q is the (m — 1) x (m — 1)-matrix with entries O(i, j) = ¢;4,—1, where
cg is given by (2.22). With the notation d; = Z’;’:—kl 41 ¢ as in the beginning of
Section 3.3, we obtain from (6.14) and Proposition 3.3,

m—1
1 m m
Ya' = dp + = = —.
A=) dit gy Ty =5
k=0
This proves the Proposition. |

Furthermore, instead of Propositions 6.1-6.6 we will need the following two
Propositions.

Proposition 6.8. (cf. [Ref 8, (3.8) and (3.56)]) There exists ¢ > 0 such that,
uniformly for £, n € [Ly, 00), as n — o0

gk+i 1 P gk+J O g
o | 5K (E" ) | = - K ai (€, e e, (635
A&k [A% (€. n )} 2k A, )+ Om™P)e e (6.35)
[e.¢] 1 00
/ EK"(S(")’”M))‘“:/ Kai(s.m)ds + O™ e e, (6.36)
H n £

n 1 1 ,
/ A_ZK" (s(”), n(")) ds = / Kai(s, n)ds + O(n~3)ecminE-me=cn  (6.37)
& n &

Proof: The proof of (6.35) can be given by either following the path of the proof
of [Ref. 8, (3.8)] or by adjusting the arguments of the proof of Proposition 6.1
making efficient use of the formulae presented in Ref. 23. Estimates (6.36) and
(6.37) are immediate from (6.35) withk = j = 0. O
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Proposition 6.9. (cf. [Ref. 8, Proposition 4.1]) Let j = 1, 2. There exists T > 0
and ¢ > 0 such that, uniformly for & € [Lgy, 00), as n — oo,

@, (") = Pn |:A1 &) -a+0 (e_CE)] (6.38)
AZ f ' '
™ 1 B no e—cmin(,n)
,/g(n) D (s)ds = ﬁ - |:/g Ai(s)ds-a+ O (n—f)i| ,  (6.39)
o _ 571 . et
/sw ®;(s)ds = f [/ Ai(s)ds - a+0< — )} (6.40)

/(00 b ;(s)ds — e®(400) — eDy(4+00)
EH]
&

Proof: Using Lemmas 4.8, 4.10 and 4.12, the proof of (6.38) is similar to the
proof of [Ref. 8, (4.4)]. Estimate (6.40) is immediate from (6.38), and estimate
(6.41) follows from (6.40), Proposition 6.3 and the fact that ffooo Ai(s)ds =1. O

We have now the necessary ingredients to prove our Theorem for the soft
edge.

Proof of Theorem 1.4: (i) The result for the 8 = 2 case is proven in Ref. 23 and
follows also from (6.35) with k = j = 0.

(i1) The proof of the second part of the theorem (the case § = 4) is similar
to the proofs of Theorem 1.1(ii) and [Ref. 8, Theorem 1.1: case 8 = 4].

THE (1, 1)- AND (2, 2)-ENTRY: By (2.52), (1.10) and (1.11) we have

5 1
E[K(%A,Z)(g@), ], = )\_zS%A(E(")v n™)

n

1 1 [
= )L_an (g:(n)7 77(")) 4 )L_%d)2(€(n))A21/ Cbl(S)rdS

n n®

1 oo

+5:(6")Gn / Dy (s)'ds.

)\.n r](n)

The asymptotics of the first term on the right hand side of the latter equation have
been determined in part (i). From (6.38), (6.40), Proposition 6.7 and the facts that
Ay = O(ﬂi), |Ai(&)] < Ce™¢ and | fnoo Ai(s)ds| < Ce " for&, n € [Lgy, o0)and
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C > 0 some constant, we have

1 o0
— P, (™) 43 / ®i(s)'ds

2
)‘n nm

—c& 0 —c
:[Ai(é)-a—}—(’)(er )i| l&Azl |:/ Ai(s)ds~at+(9<e Tn):|
n m n , n

- ‘%Ai ) / " Ai(s)ds + O e ke,
n

Since G, is skew symmetric, see Lemma 2.10, we have aG;a’ = 0. Using
in addition (6.38), (6.40) and the facts that G} = O(ﬂ%) (see Corollary 2.13),

|Ai(£)] < Ce™¢ and | fnoo Ai(s)ds| < Ce " for &, n € [Ly, 00), we have,
1 [o¢]
7 ®2(6")Gn f ®y(s)'ds = O(n™ e “e .
n nt
We conclude that,
2 1 H * 5 - —C —C
STKEDE )], = Ko = JAI6) [ AiGs)ds + O e e,
n n
(6.42)
THE (1, 2)-ENTRY: We conclude from (2.52) that
9 d
<_ 55"2’,4)(%)’) = —51@1(&)’) + @2(0) A2 P1(») + P2(X)G 11 P2(»)'.
Using (1.10), (1.11), (6.35), (6.38) and Proposition 6.7, we obtain

2 . ! 9
E[ (;Z‘)(é( ), ’7(”))]12 = E( — 3y S;,4> (f(n)a 77(”))

a (1 1 1
=—— (}L—an (5™, 77("))) +E¢2(E("))Az1¢1 (77("))[+E<I>2($("))G11<D2 (™)'

n

9 1 e
= ——Ka(6.m) = AI®AI () + O (e ‘ ) . (6.43)
n 2 n

THE (2, 1)-ENTRY: We employ (£Sz 4)(x, ) = — fxoo Sz 4(s, y)ds of Proposition
2.1 and derive from (2.52) that

(£S5 )x, y) = — / Ko(s, y)ds — / Pa(s)ds Aoy / P1(s) ds

y

- / b D1 (s)ds Gy / b ®a(s)’ ds. (6.44)

y
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As above, we obtain from (1.10), (1.11), (6.36), (6.40) and Proposition 6.7,
o0
1

2 (An) (£(n n n n n n
ﬁ[KgA (E™1™)],, = (@S.0(E™, ™) = _/E ﬁKn(S( " n™)ds
00 o0 00 o0
- / CI>2(S)dSA21 / (Dl(S)t ds — / CDz(S) dSGll / CDz(S)tdS
£ 7™ Em 7o

o0 1 [o¢] [o¢]
= —/ Kai(s, n)ds + 5_/ Ai (s)dsf Ai(s)ds +O (n_’) e %emem,
& 3 n

(6.45)
(iii) The proof of the third part of the theorem is similar to the proofs of
Theorem 1.1(iii) and [Ref. 8, Theorem 1.1: case § = 1]. One starts with formula
(2.54). Using (1.9), Proposition 2.1 together with Propositions 6.8, 6.9, and 6.7, the
same arguments as described in the proof of 1.1(iii), prove the result. However, one

needs to use some identities for Airy functions ([Ref. 8, (2.3)] and [ _oooo Ai(s)ds =
1) in order to convince oneself that

_/:[('Ai(s,n)ds—%/:Ai(s)ds /_n Ai(s)ds

o0

00 1 n 1 00 00
= —/ Kai(s, n)ds — —/ Ai(s)ds + —/ Ai (s)ds/ Ai(s)ds
£ 2 J 2 Je "

which is needed to verify that the limit of the (2, 1)-entry agrees with the one
stated in the theorem. O

6.3. Universality in the Bulk of the Spectrum
The proof of this theorem is similar to the proof of [Ref. 7, Theorem 1.1].

We need the following two Propositions.

Proposition 6.10. Let j = 1,2. Asn — oo, uniformly for &, nin compact subsets
of R and x in compact subsets of (0, 1),

g )-e(F)
e, (ﬂnx n %) —0 ( &> , (6.47)
; n
Bux+-%
/ i ®;(s)ds = O (ﬁ) ) (6.48)
ﬁ,,x+§ n
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Proof: Letk € Z. By (4.1), (1.19), Proposition 5.8 and Lemma 4.8(ii) we have,

uniformly for £ in compact subsets of R and x in compact subsets of (0, 1), as
n — 00

1 El__ B L o [P :
q_}%¢n+k I:ﬁnx + E] - nw,(x) m¢n+k |:,3n+k (X * na)n(x)>i|

Further, with j = 1, 2, we have by (4.1), (1.19) and Lemma 4.11,

I £\ VB - N (VB
pradl (ﬂ”x * ?) = ron (x * nwn<x>> = O( " )

n

We now have proven (6.46). Similarly, (6.47) follows from (5.19) and (5.28).
Finally (6.48) is immediate from (6.46). |

Proposition 6.11.  Uniformly for &, n in compact subsets of R and x in compact
subsets of (0, 1), as n — 00

ket ki
A [iKn (ﬁnx+%7ﬂnx+%>} i Koo(s—n)w(l),
q; 5 h

o€k 0T | 42 ~ agkan/
(6.49)
ﬂnx+q% n E—n 1
- / " K, <s, Bux + —2> ds = Koo(s)ds + O (—) . (6.50)
et q; 0 n

n

Proof: It is straightforward to modify the proof of Proposition 6.1 to derive the
desired result. 0

Proof of Theorem 1.6: (i) The case 8 = 2 has been proven in [Ref. 23, Theorem
2.8(a)].

(i1) We only consider the case 8 = 1. The case 8 = 4 is proved in a completely
analogous fashion.
THE (1, 1)- AND (2, 2)-ENTRY: Since, by (1.11) and (1.9),

(K90, )], = Sui(x, )
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we obtain from (2.44), (1.20), (6.46), (6.47) and the fact that 4}, = O(ﬁi) =Gy
(see Lemma 2.5 and Corollary 2.13) and ¢g,,; = ¢y,

1 . S n
— | K5 (ﬂnx + 5 Bex +
qn,l qn,l qn,l 11

- Lk, <ﬂnx bt 12> +o (ﬂ) © <£> 7 (ﬁ)
q q q; " & "

n n

= Kool§ =)+ O(n™'/?). (6.51)

THE (1,2)-ENTRY: Since, by (1.11) and (1.9), [Kg’f“)(x,y)]lz:

—q%%Sn,l(x, y), we obtain from (2.44), (6.49), (6.46) and the facts that
n,l1

An=0(5) = Gi1and g1 = g,

L @ & n
— [ (ﬂnx"'T"B"x"'T 1z

n,1 n,1 n,1
__9 [ikn (,an +5 g+ l)} o) (“/ﬂ_> 10) (i> o (‘/’3_)
an Lq2 q; qz n Bn n
= —iKOO(S —N+0 <l> . (6.52)
on n

Since _gj_nKoo(%_ —-n)= %Koo(é — 1), this proves the convergence of the (1, 2)-
entry.

THE (2, 1)-ENTRY: We use the formula (¢S, 1)(x, y) = — fxy Sy.1(s, y)ds of Propo-
sition 2.1 (in contrast to the edge cases, one should use the same formula also for
B = 4) and arrive via (1.11) and (1.9) at

1
(K], =al [(esn,l)(x, ») = Zsen(x - y)]

y 1
= —qp U Spa(s, y)ds + Esgn(x - y)] .
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This together with (2.44), (6.50), (6.47), (6.48) and the facts that 41, = O(ﬂi) =
G“ and g, 1 = g, yields

1
= | K4 (ﬂnx + % Bux + %)
qn,l qn,l qn,l 21

ﬂner# n 1 1
_/ K, S’,an“‘_z dS——Sgﬂ(é'—’))'f'O -
ﬁnx"'[]% qn 2 n

3] 1 1
= Koo(s)ds — —sgn(é¢ —n)+ O (—) . (6.53)
0 2 n
This completes the proof in the 8 = 1 case. |
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